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§ 1. Introduction.

TuE regular daily changes of the earth’s magnetism, considered as a world-wide
phenomenon, afford a problem of much interest and importance. It is one, more-
over, which the researches of Barnrour Srowarr and Scuustir have shown to be
more vulnerable to attack than seem most of the problems of terrestrial magnetism.
But in spite of their success, and of the contributions of subsequent writers, the
comprehensive study of the subject has suffered undeserved neglect. It seems an
unfortunate fact that the efforts of magneticians are unduly devoted to the accumu-
lation of data, the time and labour spent in their discussion being, proportionately,
inconsiderable.

The promising theory that the daily magnetic variations arise mainly from electric
currents circulating in the upper atmosphere, under the impulsion of electromotive
forces produced by the convective motion of the air across the earth’s permanent
magnetic field, was first propounded by Barrour Stewart.* In a simple but
penetrating discussion of the features both of the solar and lunar diurnal variations,
he showed the power of this theory to account for the facts in a way which none of
the other theories then current could do.

The theory was greatly developed, and rendered more definite, in two important
memoirs by ScHusTERr in 1889 and 1907.1 Adopting a suggestion by Gauss, he
applied the method of spherical harmonic analysis to the solar diurnal magnetic
variations, to determine whether they had their origin mainly above or below the

* Of. his article on ““Terrestrial Magnetism ” in the 9th edition of the ¢ Encyclopzedia Britannica’ (1882).
He made considerable use of BrouN’s admirable study of the lunar diurmal variation of declination at

Trevandrum (1874).
T ScHUSTER, ‘Phil. Trans.,” A, vol. 180, p. 467 (1889); and A, vol. 208, p. 163 (1907).



DIURNAL VARIATIONS OF TERRESTRIAL MAGNETISM. 3

earth’s surface. The result demonstrated the accuracy of BALFOUR STEWART'S
conclusion that the origin must be external.

At the close of his first paper ScHUsTER suggested that the convective atmospheric
motions indicated by the diurnal barometric changes are those which are responsible,
in the manner proposed by the above theory, for the daily magnetic changes. In his
second memoir this hypothesis was carefully examined, using the data of his former
investigation as the basis of discussion. The general conclusion was favourable to
the theory, although attention was drawn to several features of the phenomenon
which remained difficult to explain.

Among other works on the subject which have appeared since the publication of
SCHUSTER'S earlier memoir, those by Fritscue,* G, W, WaLker,T and vaN BEMMELEN]
may be noted here. The two former authors confined themselves to the solar diurnal
magnetic variations, but vaAN BeMMELEN broke fresh ground by applying harmonic
analysis also to the lunar diurnal variations. The importance of the latter was
fully recognized by both Barrour Srtewart and ScuHUsSTER, who, in his second
memoir (p. 181), urged the desirability of further study of them.

Some of the above, and other, writers reached conclusions adverse to the STEWART-
SCHUSTER theory, partly owing to the fact that the results of their analyses of
the observational data differed from Scruster’s. The present paper embodies an
attempt to resolve the points in dispute, and to remove other obscurities in the
theory. New analyses are made both of the solar and lunar diurnal magnetic
variations, so that the chief facts relating to each may be discussed together. It is
taken as axiomatic, in view of the general resemblance between the two phenomena,
that in the main the same theory and similar mechanisms must apply to each.
Various modifications of ScHUSTER’S hypotheses and results are found to be necessary,
but the essential points of the theory are confirmed by this investigation.

The discussion of the third and fourth, as well as the 24- and 12-hour, harmonics
in the magnetic variations is one of the more novel features of this paper :
previous discussions have generally been confined to the diurnal and semi-diurnal
components, and doubts have been cast on the value of the higher frequency terms,
which T hope the present investigation will remove. In the case of the lunar
variations, only the semi-diurnal term has hitherto been used; this, however, was
because, while other harmonics are present, their phases vary through a multiple of
27 throughout each lunar month, so that they disappear from the ordinary mean
monthly variation calculated as it has been in the past. In an earlier memoir §
I have shown how all four harmonics can be determined by computing the variations

* Fritsons, St. Petersburg, 1903, and Riga, 1905 and 1913 (these papers were apparently privately
printed and circulated).

t G. W. WALKER, ¢ Roy.-Soc. Proc.,” A, vol. 89, p. 379, 1913.

1 VAN BEMMELEN, ¢ Meteorologische Zeitschrift,” 5, p. 218, 1912 ; 12, p. 589, 1913.

§ ‘Phil. Trans,” A, vol. 213, p. 279, 1913 ; and A, vol. 214, p. 295, 1914. Also see ‘Phil. Trans,,
A, vol. 215, p. 161, 1915.
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4 DR. S. CHAPMAN ON THE SOLAR AND LUNAR

for groups of days all at the same lunar phase, afterwards correcting the phase of the
resulting Fourler coefficients to the epoch of new moon. In this way a considerable
similarity between the relative amplitudes and phases of the various components of
the solar and lunar magnetic variations is revealed.

The changing phase of the non-semi-diurnal terms in the lunar variation is a result
of the combination of a lunar semi-diurnal variation (a lunar atmospheric tide) with
an effect depending on solar time. The latter is here identified with the variation in
the electrical conductivity of the upper atmosphere, owing to some solar ionizing
influence. At new moon the two effects are in phase, and the lunar magnetic
variations resemble the solar; in the latter case, of course, both the atmospheric
oscillation and the variable conductivity keep time with the one body, the sun.

ScrusTER found that while the main cause of the solar diurnal variations was
external to the earth, there was also an induced system of earth currents, partly
neutralizing the vertical force variations. This result is confirmed here, though
with numerical modifications. The external contribution to the horizontal force
variations is estimated at about 2'5 times the internal, as against about four in his
memoir ; also whereas no phase difference between the two current systems was
found, a difference of from 10° to 25° is here indicated. It is shown that the internal
field could be produced through induction by the outer currents, provided that,
beneath an upper non-conducting layer of 150 or 200 miles depth, the substance of
the earth has a uniform specific resistivity of amount 274 . 10" C.G.S. A conclusion
of this kind was arrived at in 1889 by SCcHUSTER, and this investigation only modifies
his in detail ; he made no estimate of the resistivity of the inner core, and suggested
1000 km. as the depth of the outer layer.

The lunar diurnal magnetic variations are undoubtedly due solely to a semi-diurnal
atmospheric oscillation. The relative magnitudes of the various harmonic components
in the magnetic variation afford information regarding the conductivity of the
atmospheric layers in which they are produced. It appears that the currents flow
mainly in the sunlit hemisphere, the conductivity in the dark hemisphere being very
small.  Tts diurnal variation can be approximately ascertained, and its maximum
~value numerically estimated ; this proves to be higher than the value originally
suggested by Scrauster. The phenomena of electric wave transmission also suggest
the existence of such a layer of variable electric conductivity, and, in addition, of a
still higher layer of constant and uniform conductivity. The magnetic variations
give no indication of the latter layer.

The main terms in the solar magnetic variation are so similar, in most respects, to
those of the lunar variation that they too would appear to be produced mainly by a
semi-diurnal atmospheric oscillation. The 24-hour components are relatively larger,
however, than in the lunar magnetic variation, so that, although the phases of the
24- and 12-hour terms show remarkably close agreement, there is ground for supposing
that a diurnal atmospheric oscillation may be involved in addition.
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The seasonal spherical harmonics in the magnetic variations are also considered, and
it is found that they are relatively twice or thrice as large in the lunar variation as
in the solar variation, in comparison with the harmonics which persist uniformly
throughout the year. This suggests that the main 12-hour oscillation in the solar
case may produce seasonal harmonics which are partly neutralized by some other
oscillation, such as that of 24-hour period, just mentioned.

The phase relations of the latter oscillation present some difficulty, and it is
questionable whether it is connected with the 24-hour barometric variation, of thermal
origin, which is observed at the earth’s surface. The 12-hour barometric variation
on the other hand, is so much more fundamental in character that it is not un-
reasonable to suppose that it persists even up to the high levels here contemplated.
The magnetic data suggest that its proportional amplitude (dp/p) diminishes upwards
to the extent of one-half its surface value. :

The upper air currents responsible for the magnetic variations will have a heating
effect which can be approximately calculated, and it appears that there is a possibility
of the production, by this means, of an appreciable solar diurnal temperature and
pressure variation ‘in the conducting layer. It may be that the above-mentioned
diurnal oscillation, peculiar to the solar diurnal magnetic variations, is to be accounted
for in this way.

The questions of phase raised by this discussion prove to be very perplexing. As
the theory would indicate, the phases of the annual mean harmonics of various periods
agree amongst themselves, both in the solar and lunar variations. But these phases
seem to possess little or no relation with those of the solar and lunar semi-diurnal
barometric variations at the earth’s surface. It would appear that the phase of the
solar barometric variation diminishes with increasing height, by an amount which has
been estimated at 80 or 90 degrees.®* But a much larger change of phase with
height is required, affecting the lunar as well as the solar barometric variation, if
these are to be brought into simple relation with the magnetic variations.

The other principal remaining difficulty is that the diurnal North force variations
do not agree at all well with those calculated from the potential function which
represents the diurnal West force variations. This does not seem to be explicable, as
G. W. WALKER has suggested, by the presence of magnetic variations depending on
the time of some fixed meridian.

In order that the present paper may be the better understood, it has seemed well
to indicate the existing state of the problem, by giving a brief critical account
(§§ 2 to 6) of the work of the previous writers already named. In the course of this
historical survey mention is made of the chief modifications of previous methods, and
of previous conclusions, which are introduced in the present discussion.

The burden of labour entailed by an investigation of this kind is very great, and could

* This was not remarked on in SCHUSTER’S second memoir, in which a measure of agreement seemed
to be indicated between the phases of the barometric and magnetic variations.
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not have been undertaken without considerable assistance. The heaviest part of the
arithmetical work consisted in the computation of the lunar diurnal variations (§12);
no reduced data of the desired kind were available, so that the variations had to
be newly computed from the published hourly values of the magnetic elements,
seven years records from each of five observatories being used. Skilled assistance
was obtained in this and all the other work of computation, wherever possible. In
regard to this I wish to make grateful acknowledgment of the help placed at my
disposal by the Government Grant Committee of the Royal Society, by Dr. ScnusTER,
and by the Astronomer Royal. Also in the preparation of the data of Tables I. to I11.
relating to the solar diurnal variation, I am indebted to the Astronomer Royal for
computing assistance, and to Mr. W. W. BryaxT, Superintendent of the Magnetic and
Meteorological Department at the Royal Observatory, Greenwich, who personally
shared in and controlled the reduction of the published data to this form.

I wish also to acknowledge the courtesy of the following directors of observatories,
who furnished me with manuscript records of such of their observations as I had
need of, and which were at the time unpublished : Dr. ANcuNwEsTER (Samoa),
Mr. P. Baraccur (Melbourne), Dr. Scraurze (Pilar and Laurie Island), and Mr. Skey
(Christchurch, N.Z.). ,

The preparation of even the tables of initial data, such as Tables I. and II. and
(much more) IV. to VI, is a task of considerable magnitude, which I believe must put
a serious obstacle in the way of further advance in the subject. In order that future
workers may not be repelled by such initial difficulties, it is very desirable that
directors of magnetic observatories should reduce their own observations more
completely, and publish them in a readily available form. With regard to the lunar
diurnal variations I have already made suggestions as to the manner in which this
might advantageously be done.® The present discussion of these variations seems to
confirm the desirability of further investigation. The same applies, though to a
smaller extent, to the solar diurnal variations. In the latter case I would recommend
that a threefold sub-division of the year should be adopted, as for the lunar diurnal
variations in § 12; and that the variations from quiet days only for the mean of a

number of years, should be used.

Parr L—Toe PresgNT STATE OF THE PROBLEM.
§ 2. ScHUSTER'S first investigation (1889).

The data used by ScrHUSTER were the Fourier coeflicients of the first four harmonics
in the solar diurnal variations of North, West, and vertical magnetic force, taken
separately over the summer and winter halves of the year 1870, from the observations
at Bombay, Lisbon, Greenwich, and St. Petersburg. The year 1870 happened to be

* ¢« Phil, Trans.,” A, vol. 214, p. 295, 1914.
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a year of abnormally high solar and magnetic activity,* so that the data were not
typical, though this is no drawback so far as the investigation is self-contained. The
first part of the discussion dealt with the determination of a potential function
which, on differentiation, yields as close a representation as possible of the observed
variations in the North and West components of force. It was provisionally assumed
that such a potential function exists, and that it is symmetrical with respect to the
earth’s axis and remains constant in its relation to the sun as the earth revolves—i.e.,
that the variations depend solely on local time. Moreover, since the number of
stations from which data were used was small, it was necessary to assume symmetry
also with respect to the equatorial plane. Thus the Northern winter variations
were taken to represent{ the variations, at corresponding Southern latitudes,
contemporaneous with the observed Northern summer variations.] The period of
the year to which the calculations apply is consequently a half-year centred at either
solstice.

If such a potential function exists, data from the above four stations should suffice
to indicate its main features, although the area of the earth’s surface from which
they are drawn is somewhat limited. Tt is desirable to have more stations, however,
both in order to test the validity of the assumption, and to evaluate the function
more exactly. WALKER states that the observed variations indicate the presence
of important harmonics not depending solely on local time; the new data of this
paper do not give much support to this conclusion, but they agree with FrirscHES
results in suggesting that an appreciable part of the variations at any one station
is local and peculiar to the place. If data {rom only a few observatories are
used it 1s nearly always possible to represent them closely by including a sufficient
number of tesseral harmonics in the potential function ; but from the above it is clear
that only the main terms are likely to have significance as indicative of variations
which are world-wide. For this reason it would now seem that ScHUSTER’s analysis
of his data was unnecessarily elaborate, but at the time there was no previous
experience to serve as a guide, and it was probably best to risk going too far in this
direction, rather than to fall short of what the data might yield. Only the more
important terms, however, which agree with those considered in this paper, were
discussed. They are reproduced (in the notation of § 9) in Table D, p. 25, for com-
parison with other determinations by Fritscuz and the present author. The various
investigations give results which agree fairly well as regards the phase angles, and in
the relative orders of magnitude of the various amplitude-coefficients. The absolute

* WOLFER’S sunspot number for this year was 139, a value which has been approached only on one
other known occasion, viz., in 1848, when the sunspot number was 124.

1 With suitable changes of sign in certain components.

1 This was done only for the first two components of periods 24 and 12 hours. The seasonal terms
were not considered in the case of the 8-hour and 6-hour components, for which the mean of summer and
winter was taken to apply to each hemisphere alike.
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magnitude of SCHUSTER'S results is in nearly every case greater than those here
obtained, even for the year of sunspot maximum. This was to be expected in view
of the exceptional character of the year 1870.

Having obtained a potential function which would account for the horizontal force
variations, SCHUSTER compared the observed vertical force variations with those
calculated from this function on the respective hypotheses that its origin was (a)
external, (b) internal to the earth. Only from one of the four stations (Lisbon),
unfortunately, were satisfactory vertical force data available for the year 1870. For
the other three observatories data relating to later years had to be taken.*

It appeared that the phase of the observed vertical force variations agreed
completely with the assumption of an external cause (and was therefore opposite to
that corresponding to the second hypothesis), but that the observed amplitude was
only about half the calculated amplitude. This was explained by supposing the
primary varying magnetic field, above the earth’s surface, to be accompanied by a
secondary field within the earth due to electric currents induced by the primary field.
The secondary field would reinforce the horizontal force variations due to the
primary, and would partly neutralize the vertical force variations. But an accom-
panying phase difference was to be expected between the calculated and observed
vertical force results, and this appeared not to exist. Certain researches by Lams,T
indeed, indicated that if the earth were assumed uniformly conducting, a reduction of
the amplitude of the vertical force variations by one-half (as in the Lisbon data)
should be accompanied by a phase change of about 40 degrees. This difficulty was
surmounted, however, in pursuance of a suggestion by LAMB, by assuming that the
conductivity of the inner core of the earth exceeds that of the upper layers. In his
second memoir (p. 169) SCHUSTER roughly estimated the thickness of the outer non-
conducting crust to be about 1000 km.

The general conclusion as regards the diurnal and semi-diurnal components ot
the solar diurnal magnetic variation was that the potential of the external field
agrees in phase with, but is four times the magnitude of, that for the internal field.}
The components of shorter period were hardly at all discussed in either of his
memoirs. The character of the vertical force data used, and the presence of local
irregularities in the variations at single stations, naturally suggest that this
separation of the internal and external fields may be somewhat uncertain. Frrrscur’s
and VAN BEMMELEN’S results are considerably different, and those also of the present
paper, while confirming SCHUSTER'S main conclusions, differ from his results in some
important respects.

* As regards Greenwich and St. Petersburg this was because the temperature corrections to the
vertical force records were not properly known in 1870. The vertical force magnetograph at Bombay did
not come into operation till after 1870.

T LAMB, ¢ Phil. Trans.,” 1883, p. 536 ; also the appendix to SCHUSTER’S memoir of 1889.

1 Cf. p. 170 of the second memoir : this conclusion was not explicitly stated in the first memoir.
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§ 8. FrirscHE'S Investigations of the Solar Diurnal Magnetic Variations.

FriTsoHE'S investigations of the solar diurnal magnetic variations are works of
considerable magnitude and numerical detail, and are contained in three papers of
1902, 1905, and 1918.* In the first paper a Gaussian potential function is determined
to represent as closely as possible the variations in the North and West components
of force at 27 stations. The function was determined separately for the summer and
winter half-years. It was not necessary to assume symmetry about the equator, as
ScHUSTER had done, since FRITSCHE'S stations included five in the Southern hemi-
sphere ; the assumption that the variations depend only on local time was, however,
retained. The use of a much larger number of stations was in itself an improve-
ment, but this was attained, in FRITSCHE'S case, by throwing over an important
consideration to which ScHUSTER rightly gave much weight, viz., that the data
should all relate to the same epoch. FriTscHE's data are drawn from series of
observations extending in some cases only over a few months, and in others over
several years, and their epochs range from 1841 to 1896. They are consequently far
from homogeneous, both on account of the eleven-year cycle in the magnetic
activity of the earth, and probably also because of varying degrees of observational
aceuracy.

Of the 27 stations, nine were North of latitude 60° N., thirteen lay between 0°
and 60° N., while the remaining five extended from 0° to 60° S. After deducing his
potential functions from the North and West force data taken together, using the
method of least squares,t FRITSCHE made an elaborate numerical comparison of the
calculated and observed variations. The best agreement was found for the ten
Northern observatorieslying between the tropical circle and 60° N.; it was less good
for the tropical and Southern stations, and very bad for the nine stations above
60° N. latitude. The last circumstance is perhaps not unnatural, owing to the
divergence of the magnetic from the geographical poles of the earth. . So long as the
analysis of the magnetic variation is based on the assumption that they depend
solely on local time, it seems best to use data only from stations between +60°
latitude. All the other investigations described here conform to this rule, and
FrirscHE himself decided later that it was desirable to exclude the nine polar
stations and to re-calculate the potential function from the remaining 18 obser-
vatories. This work is described in his 1913 paper. The 18 sets of data, combined

* FRITSCHE, St. Petersburg, 1902, Riga, 1905, and Riga, 1913. The second paper, so far as it deals

with the daily variation, is in the nature of an appendix to the first, and need not be separately
considered.

+ The 27 stations were combined into six groups, and the mean diurnal inequalities in each element
were computed from those for the separate stations in each group. These mean inequalities (in the form
of 24 hourly values) were harmonically analysed, and the Fourier coefficients were then treated by the
method of least squares so as to fit a potential function to them as closely as possible. Two of the six
groups included the stations North of 60° N.

VOL. CCXVIIL.—A. C
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into four groups only (as they were given in the 1902 paper), were treated by the
method of least squares as before. While the resulting potential functions were not
greatly different from those first obtained, the residuals for the given 18 stations
were improved, without much affecting those for the other nine. The chief terms in
the re-calculated functions are exhibited in Table D, § 10, in a form allowing
comparison to be made with ScHUSTER'S and the new results of this paper.
Frirscur’s values, like those here found for the years 1902 and 1905, are much less
than ScHUSTER’S, for the reason already mentioned. But the agreement is more
striking than the differences, considering the different material, epochs, and methods
of analysis used in the various investigations.

FritscHE treated the vertical force data from the same stations in a precisely
similar way, and thus deduced from them a potential function which was independent
of the horizontal force variations. In Table E, p. 26, the re-calculated results of
his 1918 paper are compared with the corresponding results obtained in this paper.
The two sets of figures generally agree in sign, but numerically the agreement is
much less good than for the horizontal force data of Table D. I can only attribute
the difference to the greater difficulty of obtaining reliable observations of the wertical
force variations.®* This renders it very necessary to use only the most modern and
reliable data available.

The calculation of a separate potential function from the vertical force data makes
possible a more satisfactory estimation of the respectively external and internal parts
of the magnetic variation field than ScrustER'S limited material allowed. The
method used by FritscrE, and also in this paper, is explained in §§ 8, 9, and only the
results will be mentioned here. In place of ScHUSTER'S value, 4: 1, the ratio of the
surface potentials of the outer and inner portions of the field was given as 1'75: 1 in
the 1913 paper (in the 1902 paper the discordance was still greater, the stated
ratio being 1'49:1). Another method used by FrirscHE for estimating the same
ratio gave the results 1°59:1 (1918) or 1°44:1 (1902). He concluded that the
internal field was too nearly equal to the external field to allow it to be regarded
merely as an induction product of the latter. It need hardly be stated how much
the difficulties in the way of an explanation of the phenomenon would be increased
if such a conclusion were substantiated; two independent mechanisms would then
have to be co-ordinated and accounted for.

Frrrscae did not discuss the phase relations of the internal and external potentials,
nor did he consider ScHUSTER'S theory of a non-uniformly conducting earth. In
view of the new analysis of improved data in this paper, it does not seem necessary
to complete FriTscHE’S discussion in this respect.

* An error of another kind which has to some extent affected earlier investigations of the present
nature may be mentioned, viz., that by a mistake in the formule of reduction the Batavian vertical force
variations have been recorded at twice their true amount from their commencement in 1880 until the
discovery of the error in 1913 (“ Batavian Observations,” 35, 1912, Preface)‘
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It may also be noticed that the comparison between the calculated and observed
variations in his paper showed a much more satisfactory agreement for the West
component than for the other two. This seems to be partly a consequence of
greater freedom from local irregularities in this element, and is confirmed by the
results of the present investigation.

§ 4. G. W. WALKER'S Investigatton (1913).

The investigation by WALKER was confined within narrower limits than
FritscHE’s, both in respect of the data used and consequently also in their analysis.
The data consisted of the annual mean solar diurnal variations of the North, West,
and vertical components of force at nine observatories, and the components having
periods of 24 and 12 hours were alone considered. The nine stations ranged in
latitude from 60° N. to 6°S. While in every case the observations were of recent
date, they did not all refer to the same year. It appeared that a potential function
of simple type (Q.} and Qg for the 24- and 12-hour periods,* respectively) could be
fitted fairly well to either the West or North force data separately, but that the
same numerical coefficient would not apply to both. This was taken to indicate that
the assumption of a potential function, at any rate of one depending solely on local
time, was invalid. SomUSTER and FRITSCHE, using the two components together, and
including a considerable number of harmonics in their analyses, did not notice such a
discrepancy (¢f., however, the Jast paragraph of § 3).

WALKER tried to overcome this difficulty by introducing harmonic functions not
dependent solely on local time, and in this way he obtained a better representation of
" his data. But the crucial test of the:existence of such additional harmonics must
consist of the examination of data from stations of widely different longitudes, and,
unfortunately, seven out of the nine stations used by WALKER lay between 3° W.
and 31° E. The data of the present paper, which had been collected before the
publication of Mr. WALKER'S paper, were chosen with a view to a decision upon this
question,t and are from fairly widely distributed stations. ~While the simple
potential functions of type Q;', Q,° do not well represent the North force data,
the evidence for the existence of any considerable harmonics not depending on local
time does not appear to be strong. For the components of period 12 hours or less,
I am inclined to attribute the North force discordance to local irregularities, while
leaving the question open in the case of the 24-hour component.

The terms in WALKER'S representation which depend on local time and are
symmetrical about the equator are compared in § 10 with the corresponding annual
terms obtained by other writers. The phases agree well, and the amplitudes found

* These are the main annual terms of these periods which were found also in the other investigations
summarized in Table D.
t In consequence of a suggestlon made by SCHUSTER in his second memoir, p. 172.

c 2



12 DR. 8. CHAPMAN ON THE SOLAR AND LUNAR

by WALKER agree in order of magnitude with those tabulated, although his value for
C.? is rather small. Sinee his data refer to the mean of a year, and are drawn almost
entirely from the Northern hemispheres, the unsymmetrical terms in his analysis are
not comparable with any results of this paper.

With regard to the vertical force data, WALKER showed that the 24-hour terms in
the horizontal force potential would fit the vertical force observations if it was
assumed that the internal and external fields agree in phase, and that their
amplitude ratio, in the case of the second degree harmonics, is that found by
SCHUSTER, viz., 4 : 1 ; the internal contribution to the harmonic of the first degree was
taken to be nil. The 12-hour component was examined in more detail, and it was
estimated that the internal contribution to the harmonics of degree three was about
one-quarter the external, and that a phase difference between the two would improve
the agreement with the vertical force data; as before, the minor harmonic (in this
case Q') was assumed to be entirely external. The phase differences alluded to
amounted to 35 degrees in the case of Q, and 54 degrees in the case of Q. the
internal field being in advance of the external. FriTscur’'s data indicate a phase
difference of smaller amount in the contrary sense. The theoretical significance of
these differences was not considered, perhaps because the phase difference seemed to
be absent in some cases and present in others. The data of the present paper
indicate that in all the important, well-determined harmonics, both in the solar and
lunar diurnal variations, the phase of the internal field is in advance of the external
phase by amounts of the order of 20 degrees. In §§ 15-17 it is shown how these
phase differences and the amplitude-ratios can be accounted for by a modified form
of ScHUSTER'S hypothesis of a non-uniformly conducting earth.

§ 5. Vax BeEMMELEN'S Study of the Lunar and Solar Semi-dvurnal Magnetic
Variations (1912).

While the lunar diurnal magnetic variation has often been studied, and from
many points of view, VAN BEMMELEN was the first to investigate it as a world-wide
phenomenon after the manner of ScHUsTER and FritscEE. His data consisted
of the Fourier coefficients @, 0, for the lunar semi-diurnal variations of the
geographical components of magnetic force, taken separately over the summer and
winter half-years, from fifteen observatories. The latitude range of these was 60° N.
to 43° S. The material was somewhat heterogeneous, relating to different epochs,
and calculated in different ways from unequal periods of observation; but a careful

* The first harmonic coefficients a;, b; were also calculated and tabulated, but it was stated that they
were irregular, and probably not a real part of the phenomenon. This is the case when they are
calculated directly from the mean of a month, as for the semi-diurnal variation. A later paper (‘ Phil.
Trans.,” A, vol. 213, p. 279, 1913) showed, however, that a real 24-hour component exists, which can be
calculated only by separately considering the days of different lunar phase.
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attempt was made to reduce the data to a common standard, so that the consequent
drawback is less than in FrRirscHE'S investigations. Besides using various published
data, new reductions were made for several stations, and the paper is valuable on
this account as well as for its main purpose. For the present paper it was unfortu-
nately necessary to re-calculate the lunar variation for some of these stations so
recently dealt with by vAN BEMMELEN, since the harmonics of varying phase could
not otherwise be determined. The circumstance does, however, render possible an
interesting comparison (§ 14) between the results of the two sets of computations.

Although his data referred separately to the summer and winter half-years, van
BemMELEN discussed only the mean annual values, neglecting the seasonal variations.
He concluded that the horizontal force variations had a potential, which he deter-
mined (after trial of ScHUSTER'S method) by the method of least squares; unlike
Frirscur, however, he used the separate values of @, and b, from each station instead
of combining them into groups, and apparently, also, only the West force data were
used. The vertical force data were similarly treated, and a separation of the internal
and external parts of the lunar magnetic variation field was then effected.

In a correcting paper of 1913 this calculation was revised, since the ¢ least
squares” method of determining the potential seemed to give too much weight to
some rather irregular data of early epoch from the three Southernmost stations—the
Cape of Good Hope, Melbourne, and Hobarton.* ScHUSTER'S method was returned
to as enabling more discrimination to be exercised between the various data in the
course of the work. The resulting analysis was perhaps somewhat over-elaborate,
but the principal harmonic, the one dealt with also in this paper, agrees moderately
well with the result here obtained (c¢f. § 14). The original calculation had made it
appear that the external variation field was actually less than the internal field ; the
revised paper reversed this conclusion, although the inner field was given as more
nearly approaching the outer field, in magnitude, than the new analysis of this paper
would suggest. VAN BEMMELEN, indeed, as the result of his calculations, still
contemplated the possibility of a primary inner as well as a primary outer field.

In his first paper he had also attempted to bring the lunar semi-diurnal variation
into relation with the lunar semi-diurnal barometric variation (as observed at
Batavia), just as ScHUsTER had done for the solar diurnal variations in his 1907
memoir. The discrepancy between ScHUSTER'S and FRriTscHE'S analyses of the
solar diurnal magnetic variation, which were both discussed by vaN BrMMELEN,
rendered the conclusions somewhat indefinite, and they must, in any case, have been
superseded after the revised calculation of the lunar diurnal variation potential. In
his second paper VAN BEMMELEN avoided the ambiguity just alluded to, by making

* Certain mistakes of sign had also been made in the first investigation, which were corrected. In the
original paper the Bombay data were given as of thrice their true value, apparently through a numerical
slip in the reductions, but on account of their discrepancy with other results they were excluded from the
discussion.
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a new determination of the semi-diurnal part of the solar diurnal variation potential.
The data used were the a,, b, coefficients of the annual mean solar diurnal variations
in the three geographical components of magnetic force from fifteen observatories
(nine North and six South of the equator). The epoch for most of the stations was
1901, a year of minimum solar activity; in other cases the data were corrected so
as to correspond to such a year. In §10 the main symmetrical annual term in the
horizontal force potential is compared with the corresponding results from other
investigations. The agreement in phase is good ; the amplitude determined by VAN
BEMMELEN is a little smaller than in most of the other cases. VAN BEMMELEN'S
analysis also includes a strong unsymmetrical element Q7 which is somewhat
surprising, considering that it relates to the annual mean variation. The present
results do not seem to suggest much asymmetry between the two hemispheres.

In attempting to separate the internal and external parts of the field, Dr. van
BeMMELEN remarked on the hazardous nature of the task, owing to the *strong
irregularities” in the vertical force data. It appeared, as the result, that the
internal potential for the solar semi-diurnal variation was equal to, or even slightly
in excess of, the external potential. This differs so greatly from my own conclusion
(and also from that of Frirscur) that I have carefully compared his and my vertical
force data. The figures for the nine Northern stations in common were closely
similar in the two cases, but the Southern data were far from accordant. Only
Batavia was common to the two sets of Southern observatories; during 1901 and
1902 the reorganization of the magnetic work at Batavia and the transfer of the
instruments to Buitenzorg interrupted the record, and the 1889 Batavian observa-
tions, corrected to 1901, were used. As the correction noted in §8 had not then
been discovered, however, the a,, b, coefficients as used have twice their true value.
As regards the other Southern observatories, the date of three sets used, St. Helena,
Cape of Good Hope, and Hobarton, was 1843, and the two latter series are very
discordant. It would seem that too much weight has been given to the six Southern
sets of vertical force data,and that here lies the explanation of the above discrepancy
between the two separations of the external and internal variation fields.

§ 6. ScuusTER's Second Memoir (1907).

The theory of the diurnal magnetic variations originally propounded by BALFOUR
Stewarr (§1) was shown by SCHUSTER, in his first memoir, to be so far correct
in that the main part of these variations arises from electric currents circulating
above the earth’s surface. BALFOUR STEWART’S theory also involved the hypothesis
that the electromotive forces which impel these currents are supplied by the perma-
nent terrestrial magnetic field acting on masses of conducting air which, in their
bodily motion, cut through the earth’s lines of magnetic force. In this hypothesis
two important factors were unspecified, viz., the atmospheric motions and the
atmosphoric conductivity. In his second memoir ScHUSTER made definite suggestions
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on these points, and examined their consequences in connection with the results
of his first memoir. :

It may be stated at the outset that the direct magnetic effect of the convective
motion of masses of electrified air was examined and found to be negligible (loc. cit.,
§10). Also it was shown (loc. cit., § 8) that the horizontal magnetic field of the earth,
and the vertical atmospheric motions, might: be neglected, so that the investigation
was concerned with the determination of the electromagnetic effect of a horizontal
oscillation of the atmosphere, acting on the known vertical component of the earth’s
field. Initially the electrical conductivity of the upper atmosphere, where the
currents flow, was supposed uniform and constant; afterwards examination was
made of the modifications introduced into the theory by assuming the conductivity
to be variable. ‘ ‘

It was first proved that the atmospheric oscillations necessary for the production
of the diurnal and semi-diurnal* magnetic variations (the conductivity being
uniform) are of types Q' or Q' and Q,? or Q/ respectively. These are the types
of motion indicated by the diurnal and semi-diurnal barometric variations. The
theory that the latter variations are closely connected with the daily magnetic
variations had already been tentatively advanced in SCHUSTER’S first paper; he now
submitted it to a detailed numerical test. The main difficulty confronting the
theory was that the ratio of the diurnal to the semi-diurnal term in the magnetic
variation (C,'/Cy?) is very much greater than the corresponding ratio (c,'fc,’) in the
barometric variation. The former ratio was found in his first paper to be 9°6,T while
the calculated ratio was only 2'6; the latter calculation assumed the atmospherie
conductivity to be uniform. As regards phase, the calculated variations lagged
behind the observed by about 14 hours (or from 24 to 3 hours, on taking self
induction into account).

In the above, the effect of barometric terms of type Q,' and Q was neglected, only
Q' and Q. being considered. The nature of the diurnal term in the barometric
variation is not known very definitely, however, and it was pointed out that by
representing it in part by an oscillation of type Q' the amplitude ratio 2'6 could be
increased : also that such an oscillation may be present in the upper layers of the
atmosphere, which do not greatly affect the barometer, even if it is not found in the
surface variation.

The term Q' would be called on to a smaller extent if the atmospheric conductivity
is not uniform, but varies with the zenith distance (w) of the sun. In this case the
12-hour oscillation Q.2 would contribute to the 24-hour magnetic variation Q,}, and
the 24-hour oscillation Q' to the 12-hour magnetic variation Q3% but the effect would
be much more marked in the former case than in the latter. It was shown, in fact,

* Variations of higher frequency were not considered.

t In equation (10) of the second memoir the coefficient of y5? should be 9-23 in place of 1116 (this
is the coefficient of ¥5? as found in the first memoir, p. 486).
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that assuming the variation of conductivity to follow the law 1 +cos o,* the ratlo 2'6
would be increased to 4'7 without drawing at all on Q"

As regards the seasonal change in the magnetic variations, it was stated that the
large increase in summer could not be explained completely by the above variation of
conductivity, and a cumulative seasonal change was suggested as a possibility, in
addition to the variation with . The weight of this difficulty, however, was chiefly
thrown upon the uncertaintiesin the atmospheric motions. In this paper the problem
is simplified by the evidence afforded by the lunar diurnal variations, which indicate
how largely a semi-diurnal oscillation is able to account for the 24-hour magnetic
variations, owing to a much more marked variation of conductivity, between day and
night, than that represented by the formula 1+ cos e.

ScnvusTER estimated the order of the electric conductivity required by the theory,
and discussed how far the high value thus found was physically possible or probable.
He concluded that it was a possible value, which might perhaps be accounted for by
ascribing the conductivity to the ionizing action of ultra-violet radiation from the
sun. But it was remarked that the absorption of such radiation in the solar
atmosphere might render this suggestion invalid.

The theoretical calculations of the paper dealt mainly with that part of the
permanent magnetic field of the earth which is symmetrical about the geographical
axis. It was pointed out, however, that the obliquity of the magnetic axis should
result in the production of magnetic variations not depending solely on local time, and
a search for these terms was suggested as a promising line of further work.

Part II.—A NEW ANALYSIS OF THE SOLAR DIURNAL MAGNETIC VARIATION.
§ 7. Description of the Data.

The data used in this investigation consist of the Fourier ccefficients e, b, in the

harmonic formula
(1) 3 (a, cos nt +b, sin nt)

for the solar diurnal variations in the North, West and vertical components of
magnetic force. Results from twenty-one observatories are utilised, of which fifteen
are North and six South of the equator, between latitudes +61 degrees. The average
number of stations represented in any particular section of the final results is
slightly less than twenty, however, since data in every element were not available
from quite all the selected observatories at the chosen epochs.

The stations were selected so as to obtain as wide a distribution in longitude as
the available records allowed (¢f. §27). Particulars of their names and positions are
given in Table A. For convenience in the subsequent numerical analysis they have
been divided into nine groups, as indicated.

* According to this law the conductivity evidently varies from a maximum at the point directly beneath
the sun to zero at the antipodal point.
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TasrLe A.—The Sources of the Data Used for the Investigation of the Solar Diurnal
Magnetic Variation.

Longitude
No. of No. of Observator Latitude Co-latitude from
group. observatory. 5 (North +). 0. Greenwich
(East +).
1 Pavlovsk 59 41 30 19 30 29
L 2 Sitka. . . . 57 3 32 57 - 135 20
3 Ekaterinburg . 56 50 33 10 60 38
Mean . 57 51 32 9 —
4 Potsdam 52 23 37 37 13 4
II1. b Irkutsk . 52 16 37 44 104 19
6 Greenwich . 51 29 38 31 00
Mean . 52 3 37 b7 —
I 7 Pola . 44 52 45 8 13 51
: 8 Tiflis . 41 43 48 17 ) 44 48
Mean . 43 17 46 43 —_
v 9 Baldwin . I 38 47 5113 | - 95 10
’ 10 Cheltenham .| 38 44 51 16 - 75 50
Mean . a8 46 51 14 —
v 11 Zi-Ka-Wei . 31 12 58 48 121 26
’ 12 Honolulu 21 19 68 41 -158 3
Mean . 9616 63 44 —
13 Bombay . . . . . 18 54 71 6 72 49
VI 14 Vieques, Porto Rico . 18 9 71 51 - 65 26
15 Manila . . 14 35 75 25 - 120 58
Mean . 17 13 941 | —
1 e
VII 16 Batavia . - 611 96 11 106 50
: 17 Samoa - 13 48 103 48 - 171 46
Mean . -10 0 100 O —
18 Pilar . =31 41 121 41 - 63 51
VIII. 19 Melbourne . - 37 50 127 50 144 59
20 Christchurch —43 32 133 32 172 37
Mean . —37 41 127 41 —
IX. 21 Laurie Island, South Orkneys | —~60 45 150 45 - 45 1

VOL. CCXVIIL.—A,
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The epoch of the data used is modern, the years 1902 and 1905* being chosen ; these
were years of sunspot minimum and maximum in their eleven-year cycle, two such
periods being considered in order that the influence of solar activity on the
phenomenon might be definitely determined. Also, so that the seasonal changes
might be studied, each year was divided into four quarters of three calendar months
each, beginning with February, March and April as the spring quarter. In calculating
the mean variation for each of these eight periods, all days were used except a very
few which were so highly disturbed as of themselves to be able to modify the
quarterly means appreciably. The published data in most cases gave the variations
of horizontal force and declination instead of North and West force, to which they
had to be transformed. In some cases changes of phase had also to be made, to
reduce the data to the adopted time-origin, which is here the local mean time of noon
at each station. In the formula (1), ¢ represents local time reckoned in angle at the
rate of 15 degrees per hour. The first four harmonics (n = 1, 2, 8, 4) have been used
throughout, the coefficients a,, b, being expressed in force units of amount 0°1 4 (10-°
C.G.S.), and reckoned positive to North, West, and radially (or vertically upwards).
The initial data of this paper, relating to the solar diurnal magnetic variations, are
given at the end of the discussion in Tables I. and IL. («), (B), (1)—(4), (pp. 74, et seq.).

§ 8. General Outline of the Analysis of the Data.

The data in the Tables I. and II. exhibit a considerable degree of regularity and of
constancy in type; thus, save for the increased amplitude in the later year, the 1902
and 1905 values are closely similar : they show a general independence of longitude :
and they are nearly symmetrical, or anti-symmetrical, with respect to the equatorial

plane. These features are little less apparent in the terms of lower than in those of

higher frequency. ,
Besides this, however, there is an irregularity about the numbers which seems to

represent something peculiar to each station, persisting from year to year, and also
affecting different elements unequally, the North component, perhaps, being the one
most affected. In order to assist in eliminating this local part of the phenomenon
from the analysis, nine group means of the data of Table I. have been formed, the
groups being indicated and numbered in Table A. It would probably have been
advantageous had each group included a still larger number of separate stations.

~ For the discussion of seasonal influence the method adopted was as follows: the
mean of the spring and autumn data was taken to represent the main part of the
phenomenon at the equinoxes, at which times there is a general similarity between

* Or rather 1902, February, to 1903, January, and similarly for 1905. It may also be noted that the
Batavian vertical force data for the 1902 summer quarter are drawn from June and July observations
only, no records being available for May. WOLFER’S sunspot numbers for these years were 5 (1902) and

64 (1905).
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the variations in the Northern and Southern hemispheres. The summer and winter
data are, of course, widely different, though the Northern summer bears considerable
resemblance to the Southern winter, and vice versa. The mean, 1 (Summer + Winter),
was taken to represent the part of the phenomenon common to both seasons—it 1s,
indeed, as would be expected, nearly symmetrical about the equator—while the semi-
difference, % (Summer— Winter), represents the variable, seasonal part of the
phenomenon, which is anti-symmetrical about the equator. As will appear, the
solstitial mean agrees very closely, in many respects, with the equinoctial mean,
showing that a large part of the variation continues almost uniformly throughout the
year. Kven the residuals are very similar in the two cases. .

These three sets of group means were taken separately for the years 1902 and 1905,
and are to be found in Tables TII. (&), (B), (y). For the sake of completeness the
equinoctial semi-differences,  (Spring — Autumn), were also examined (¢f. Table III. (3)),
but only for the mean of 1902 and 1905, as this set is less important than the others.
It need hardly be pointed out that this analysis of the data can be immediately adapted
so as to give the result for any single season, ¥ (Summer+ Winter)—2 (Summer
—Winter), for instance, giving the winter analysis alone.

In the investigation of these tables of group means, the aim kept always in view
has been that of reproducing the broad features by as simple a mathematical
representation as possible, considering, first of all, potential functions depending solely
on local time. The residuals are discussed later, in connection with the question as
to whether there are important terms varying with the longitude (§27).

On examination it became clear that the nearly constant, “annual” part of
the phenomenon, corresponding to the equinoctial and solstitial group means of
Tables III. («) and II. (8), can be represented with fair accuracy by a single harmonic
function for each periodic term, as far as regards the West force variations. The
seasonal portions (Tables III. (y) and III. (8)) can, for the same component of force, be
represented in each case by two such functions. These harmonic functions, depending
on local time only, agreed in type with the main terms in ScHUSTER’S and FRITSCHE'S
analyses, so far as the three investigations are comparable.

If the diurnal magnetic variations have a potential, the North force variations must
be deducible from the potential function which represents the West force data. In
Table IIL the calculated values are given both for the West and North force varia-
tions, using the functions chosen to represent the West force data alone. The
agreement with the observed values may be considered satisfactory in the latter case,
but it is not nearly so good for the North force variations. Perhaps the local
irregularities in the data will account for the discrepancy, at any rate in the case of
the three components of shorter period (12, 8, and 6 hours). The residuals for the
24-hour component are very systematic, however, and could not be accounted for by
a mere change in the amplitude of the potential function derived from the West force
variations (cf. § 4). Possibly the two sets of data could be more nearly represented

D 2
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by the same potential function if more harmonics of higher degree were included. But
I doubt whether any improvement thus made would be very substantial or of real
value, and I have therefore judged it best not to discard the above simple and success-
ful representation based on the West force variations alone. It may be added that if
an independent attempt were made to determine, from the North force variations
alone, the values of the harmonic functions present in them, of the type which
represent the West force data, the results would differ little from those actually
calculated from the latter.

The notation of the harmonic functions used in this analysis is described in § 9. In

that notation a function
(2) (A, cos nt + B, sinnt) Q,*(cos 6) (n=1,2,38,4)

was used in Tables IIL (a) and III. (8) to represent the variations (a, cos nt+b, sin nt)
at the individual stations of various co-latitudes 6. The value of m in each case was
found to be n+1. In Tables IIT. (y) and III. () two such functions, corresponding to
m = n and m = n+2, were used in each instance. The constants A, and B,* are set
out in Table C § (9).

As previous investigations have indicated, both inside and outside causes contribute
to the magnetic field at the earth’s surface, so that the vertical force variations cannot
be deduced theoretically from the horizontal force variations. On the contrary, the
potential function (if such exists), which represents and is calculated from the vertical
force data alone, affords the means of separation of the respectively external and
internal parts of the whole variation field. It proved on examination that
functions (2), of precisely the same type as were used for the horizontal-force data,
serve likewise for the vertical-force variations, only the numerical coefficients (denoted
in this case by A," and B,”) being different. These also are given in Table C, along-
side the values of A,* and B,” The corresponding calculated values of @, and b, are
given in Table III. for comparison with the observed data.

For the purpose of the subsequent discussion it was clearly advisable that A"
and B,”, A" and B,” should be determined on some definite plan which would at
least give results which were comparable in the different cases. Where only one
harmonic function was involved in the representation of a given set of Fourier
coefficients, as in Tables III.(x) and IIL (8), the course adopted was very simple.
The weighted mean of the various values of the function Q,” corresponding to the
mean latitude of each of the nine groups of observatories, was taken numerically,
t.e., negative values being treated as positive; the similarly weighted sum of the
group mean values of a, (or b,) was also taken, the signs being reversed where this
had been done for the calculated (negative) values. A simple division then gave the
required coefficient A,* B, A" or B,”. As regards the weighting, the Northern
group means were each given unit weight, and the Southern means each half a unit
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of weight. The fifteen Northern observatories were thus given a total weight six,
and the three, four, or five Southern observatories (according to the number available
in the different cases) received a total weight one or one and a-half.

Where two harmonic functions were involved in the representation of one set of
data, as in Tables IIL (y) and IIL (8), the same general method of weighting and
combining the data was used, except that two equations had to be formed, to give
the two coefficients. Usually the middle four or five values of a, or b, were used in
one equation, and the remainder in the other.

§9. The Harmonic Representation of the Magnetic Variation Field.

A potential function which varies with the local time, but is otherwise the same at
all stations along any parallel of latitude, can always be expanded in a series of
spherical harmonic functions of the form '

. n pm . Rm+2 ’ " Prm . Rm+2 . n
(3) \Pm foe {<E m(a)]—g_n;:i +I m(a);;,m> cos nt+ <E m () Rm“l +I m(b) ’7'm+1> Sin nt} Qm (9)

Here E*,, ., B0 I"sw» " are numerical coeflicients ; ¢ is the local time reckoned
in angle at the rate of 15 degrees per hour (¢ = X+, where X\ is the longitude
measured towards the East from some standard meridian, and ¢ is the time corre-
sponding to that meridian); r is the distance from the earth’s centre to the point
considered, at colatitude 6 (in this paper measured from the North pole as origin),
and R is the earth’s mean radius. The function Q,"(6), or Q,” as it will generally be
written, is the ordinary tesseral harmonic of degree m and order = ; it can readily be
calculated from the formula ' ‘

(Zm)l
2™ . m!(m—n)!

(m—n),
22, 11 (m—3%),

gin” 0 {cos’”‘" o— cos™ "% 9

(4) Q,=

(m_n)4 m—n—=4 0 __ }
+24.2!(m_%)2cos 0—...1,

in which the factors of the form p,, where s is a positive integer, denote

p (p=1)(p=2) ... (p—s+1).

The part of (3) which depends on »™ is continuous and satisfies LAPLACE's equation
within the sphere » =R. In the case of the magnetic variation potential,
consequently, it arises from an electric current system outside the earth. The
remaining portion of (8), which depends on »~™-', similarly results from a current
system within the earth. The letters E and I are chosen to indicate the respectively
external and internal origins of the corresponding parts of the potential

A term 4, in the magnetic variation potential would lead to the following
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terms in the North, West, and vertical force variations at the surface of the earth

(r=R):—

(5) % = {(E 0+ w) cos nt+ (B, )+ 17, 0)) sin nt } —2 de (North),

1 d mn n n o n n ) n

(6) R sin 6_(}%—\— = {_(E m(a)+I m(a)) sin 7t + (E m(b)+I m(b)) Cos ’I’Lt} &%Qm (WeSt))

(7) - %l% = —{(mB*, n—m+11", ) cos nt +(mE", o,—m + 11", ) sinnz} Q,*
(Radial, outwards).

These may be written in the form

(8) ' (A, cos nt+ B, sin nt) N, (6) (North),
(9) (B, cos nt—A,,"sin nt) W, (6) (West),
(10) - —(A,"cosnt+B,"sinnt) Q,"(0) (Radial, outwards),

the new notation being thus defined :—
(1 1 ) Amn = Enm (a) + Inm (a)s an = Enm ) + Inm )
(12) A n_mEm(a)_(m-l—l)Inm(a)’" Bm =mhE" m (b)) (m+1)Inm(b)'

m -

The new symbols N, (6) and W, (6) are defined as follows :—

7 — den n — N n

Table B contains a list of the particular values of the three functions Q,", N,”
and W, corresponding to the special values of m and n with which we are

TaBLE B.
n g ‘ Nn=deu W, n = Qn

Qm (COS ) m a——g moe m sin 0 m
Q% = cos 6 N® = —gin 6 W0 =
Qi =sind N;! == cos 0 Wil=1
Qqo! = 3sinfcos b Nyl = 3 (2cos*0-1) Wyl = 3cos 8
Qs! = Zsin 0 (5cos? 1) Ng! = $cos 6 (15 cos? 0~ 11) W3l =2 (beos?6-1)
Q% = 3sin26 Ny? = 6sin 6 cos 6 Wy2 = 6sin 0
Qs2 = 15 sin% @ cos N2 = 158in 6 (3 cos? § - 1) W2 = 30 sin 6 cos 6
Q2 =172 sin? 0 (7 cos? 6 - 1) N,2 = 30sin 0 cos 0 (7 cos? 0 — 4) W2 = 15sin 0(7cos?6-1)
Qs® = 15sin3 4 N8 = 45sin2 6 cos 6 W8 = 455in2 6
Q8 = 105sin3 0 cos 6 N8 = 105sin20 (4 cos? 6 — 1) W3 = 315sin? 6 cos 0
Q% = 1983in® 0 (9 cos? 6 — 1) Ng3 = 218sin?0cos 6 (15cos2 0~ T) | W3 = 2154in? 6 (9 cos? 0 1)
Qs = 105sint 6 N4 = 420sin3 6 cos 0 Wyt = 420sin3 0
Qs* = 945 sin* @ cos 6 Njt = 945 sin® 6 (b cos? 6 — 1) Wyt = 3780 sin3 6 cos 6
Qs* = 2455in* 6 (11cos20~1) | Ngt = 945 sin3 0 cos 0 (33 cos® 0 — 13) | Wt = 1890sin3 6 (11cos? 6 1)
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concerned in this paper. These functions were numerically evaluated for each of
the twenty-one values of 6 in Table A, and the group means I. to IX. were formed ;
by means of these the coefficients A,” and B,*, A,* and B,” were determined as
described in § 8, the West and vertical force Fourler coefficients being compared with
the formulee (9) and (10). The North force values of «, and b, were then calculated
from A,” and B, by means of (8).. The observed and calculated values of @, and b,
for the various components and seasons are tabulated in Tables ITL. () to (8), and
the values of A", &c., are given below in Table C. '

It is clear from the Tables IIL. that the above harmonic analysis, although of a
very simple character, gives a fair representation of the main features of the daily
magnetic variation, except for the 24-hour component of the North force variation ;
for the other periodic terms of the latter variation the agreement with the potential
calculated from the West force is better—perhaps even satisfactory, when the
irregular “run” of the North force is considered.

§ 10. Comparison with Previous Harmonic Analyses of the Solar Diwrnal
Magnetic Variation.

It is of interest to examine how far the various studies of the solar diurnal
magnetic variation, which have been made by different methods and with different
data, agree in their main results. The principal terms in ScHUSTER'S, FRITSCHE'S
(1918), and the present analyses, so far as they are comparable with one another, are
collected in Tables D and E. In the former table the potential functions derived
from the North and West force variations (or, in the present paper, from the West
force variations only) are given. Instead of A," and B,”, however, the amplitude C,*
and phase a,” are given, where

(14) A, cosnt+B,sinnt = —C,* cos (nt +a,,").

All the results have been modified where necessary, to conform to the notation of
this paper. In some cases the authors cited carried their analysis further than in the
present Instance, in others, as the table indicates, they stopped short of it ; but the
principal terms were in all cases the same.

In Tables D and E, the figures for the present paper, under the heading ““annual
terms,” are obtained from the mean of the solstitial and equinoctial results in Table B.
They therefore represent the mean for a whole year, as in the case of ScHUSTER's
and FritscHE'S results. The seasonal terms in the present analysis, on the contrary,
refer to a half-year only, 7.e., the two quarters centred at the solstices. They may
be expected to be of somewhat larger amplitude than if they had been derived from
the two half-years, as in the previous discussions.
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TaBLE C.—The Spherical Harmonic Representation of the Solar Diurnal Variations
of West and Vertical Magnetic Force.

Values of A", B,», A" B,"
The Unit of Force 1s 10~¢ C.G.S.

Sunspot maximum, 1905. Sunspot minimum, 1902.
i - ,
West. f Vertical. West. Vertical.
. m. |
A By Amh | B A, Bu". | An% | Bpn
Mean Equinox, % (Spring + Autumn).
1| 9 |-b4 26 41 14 - 34 25 - 34 4
2 3 |- 72 3.7 -~ 85 0-1 - 51 3-6 - 54 0-3
3 4 |- 045 0-40 - 0-87 0-29 |- 0-31 0-37 - 071 0-30
4 5 11— 0-0123 0-0203 - 0°040 0-022 |— 0-0082 0-0166 |~ 0-037 0-027
Mean Solstice, 3 (Summer + Winter).
| |
1| 2 -52 22 - 37 12 -31 [ 22 - 31 LT
2 | 3 |-64 31 |-73 —05 |-46 | 29 |-56 | 06
3 4 |- 034  0-29 - 071 0-30 |- 0-24 | 024 - 046 | 023
4 5 |- 0-0086  0-0091 |- 0-020 0:010 |- 0-0039 ’ 0-0068 |- 0-015 ' 0-013
Solstitial Inequality, % (Summer— Winter).
: ' |
1 1 1-42 21 - 4 -1 '~ 40 17 '—10 0
3 [-10-6 — 45 ~14-0 - 2'b i~ 8-1 - 23 - 77 -35
2 2 -39 7-8 - 15 26— 27 5-3 - 34 25
4 - 0-60 0-35 — 1:41 |- 0-37 - 0-78 0-37 - 085 -0-40
3 3 0-17 0-70 - 0-038 0-070 0-01 0:63 ~ 0-056 0-046
5 0:036 |- 0-011 |- 0-030 |— 0-072 0-016 — 0°006 |- 0-024 | —0-051
4 4 0048 - 0-007 0048 0-035 . 0-028 - 0-010 0-030 0-040
6 0:0045 |~ 0-0099 |- 0-013 |— 0-040 i 0-0020 = 0-0101 |- 0-013 | —-0-053
Mean of 1902 and 1905.
‘ Solstitial inequality. Equinoctial inequality
: B I
1 1 —41 19 - 7 0 13 - 13 0-61 -0-42
3 - 94 - 34 -10-8 - 30 - 0-60 1-64 - 0-99 1-49
2 2 - 33 6-6 - 24 2°6 0-2 - 55 15 -3-2
4 - 069 0-36 - 1183 |- 038 |- 0:047 |- 0-104 - 0-19 0-43
3 3 0-09 066 — 0-047 0-058 |— 0-29 - 060 + 0°-00 -0-58
5 0:026 — 0-008 |- 0-027 |- 0:062 |— 0-0024 0:0039 . — 0-017 0-010
4 4 0-038 |- 0-009 0-039 0:038 |-~ 0037 |- 0-013 |— 0-014 | —0-037
6 0-0032 |~ 00100 |- 0-013 |- 0-046 0-0038 |~ 0-0032 |— 0-013 0-009
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TasLe D.—Comparison of the Potential Functions determined by ScrusTER and
FritscHE from North and West Force Data, with those here determined from
West Force Data alone.

1 Annual terms. Seasonal terms.
Ampli- | Present paper. Ampli- Present paper.
tude. SCHUSTER, tude. | SCHUSTER,
o 1870, | FRITSCHE, | """ v 1870, | FRITSCHE.
Phase. | 1902. 1905. Phase. | 1902. 1905.
Gyt 40 58 89 59 (O 43 47 54 59
ool 35° 24° 24° 30° oyl 23° 27° 27° 28°
Cg? 5-8 76 9-2 62 Cs! 84 115 10-1 6:2
ag® 35° 27° 31° 25° agt 344° 337° 311° 347°
Cs 0-41 0-53 0-63 0°42 Cy? 6:0 87 11-2 84
agd 47° 40° 67° 35° ag® 63° 63° 75° 62°
Cst 0-0127 | 0°0180 0-0202 —— Cg2 0-86 0-69 0:66 0-73
st 62° 55° 78° — ay? 25° 30° - 18° 6°
Cg? 063 0:72 —_ 0-76
agd 91° 104° 88°
Cy 0-030 0-49 — 0-33
oyt 200° 188° — 173°

The horizontal force harmonics in Table D show a considerable degree of agreement

in regard to phase, especially for the main terms Q,', Q% Q,, and Q,%

The amplitudes

obtained by ScHUSTER generally exceed those of FriTscHE and the present paper,
including those for the maximum sunspot year 1905.

‘W ALKER. Annual terms.

VAN BEMMELEN.

bRl

bRl

b

2

The year 1870 was, however,
one of abnormally great solar and magnetic activity.

Detailed numerical agree-
ment between the various sets of results is not to be looked for, owing to this and
other reasons, and it is satisfactory that the different determinations yield values of
amplitudes and phases which show such general agreement.

The papers by WALKER and VAN BeMMELEN referred to in §§4, 5 contained the
following results, which may be compared with the above :—

-

O} = 55 o) = 25°
Of= 43  af=23°
032 - 4:'3 a32 = 260

In Table E the coeflicients A, B, obtained by FRITSCHE are compared with those
of the present paper.
than for the horizontal force results in Table D. The reason for this is discussed in

§8 (¢f. also §5).

CCXVILL.—A.

VOI.,

The agreement for these vertical force results is much less good

The other authors quoted have not analysed the vertical force
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potential in a way which allows of a comparison with FrITSCcHE'S and the present
results.

TaprLe E.—Comparison of the Potential Functions determined by FritscrE and in
this Paper, from Vertical Force Data.

I

Annual terms. Seasonal terms.
* Present paper. : Present paper.
- | FRITSCHE. | - FRITSCHE.
| 1902. 1905. 1902. 1905.
Ay 39 39 ~ 25 Ap ~10 ~4 _%
B! | 6 13 31 B! 0 -1 - 16
y.%% -b5 | =79 ~34 Ajl -7 - 140 -12-4
B,? 05 | 02 3-3 B,! -35 - 25 00
A ~058  -0'79 | —0-66 Ay | =34 | - 15 | - 39
: B 0-26 0-30 0-30 By 25 2:6 56
| Af | -08 ~ 14 01
| B l ~0°4 - 04 - 14
I | |

§ 11. The Separation of the External and Internal Solar Diurnal Variation Fields.

The equations (11) and (12) indicate how we may determine the respectively
internal and external parts of the magnetic variation fields by means of the
horizontal and vertical force potential coefficients A, B, A,", B," Thus we have

1)A,"+Ar" (m+1)B,"+B,"
15 En - (m+ m m En — m m
( ) m (a) 2m+1 5 m () 2m+ 1 )
Ar—Ar" mB,"—B,"
].6 In —_ MLy, m , In - m m

At the earth’s surface (r = R) the value of the term +,”/R in the magnetic
variation potential is (¢f. (8))
(17) ‘Pmn/R’ = {(Enm (u)+Inm (a)) cos 7t + (Enm (b)+]:nm (b)) Sin W/t} an

= —{E," cos (nt+e,") +1," cos (nt+1,")} Q.",

where in the last two lines the external and internal parts have been transformed in
terms of their amplitudes and phases; these are connected with E”, ., &c., by the
equations
(18) Enm (a) = —Emn cos emn> Enm (b) = Emn Sin en_zn)

(19) I w=—IL,"cosi,” 1", = L sini,”
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The values of E,* e,” I i, deduced from Table C by means of equations (15),
(16), (18), (19), are given in Table F. For the solstitial as well as for the equinoctial
inequality only the mean results for 1902 and 1905 are given. '

TaBLE F.—Amplitudes and Phases of the Spherical Harmonic Coefficients of the
External and Internal Solar Diurnal Magnetic Variation Fields.

The unit is 10-¢ C.G.S.

| i
E Sunspot maximum, 1905. Sunspot minimum, 1902.
1
. ’ m. External. ’ Internal. External. 1 Internal.
1 i En™ en”. L. . A E,". & en’. . ) P ' im™
R N e _<.‘ . [ . ,1_¥,A,.__._ { e
| : ‘
Mean Equinox, 4 (Spring + Autumn).
] o . . .
0 2 446 24 154 29 315 30 115 53
2 3 | 57 22 25 40 43 30 2-1 47
3 i 4 | 043 35 0-18 56 0-35 44 0-14 65
4 5 1 0-0167 b2 0-0075 l 75 0-0135 55 0-0046 85
I | |
| Mean Solstice, & (Summer + Winter).
‘ : [ ‘ T T T E T - :
1 9 412 92 148 25 288 30 | 97 B0
2 1 3 50 L2022 .39 1 38 Y S R L4
3 | 4 0-33 . 3b 1 0-12 i b5 1 024 L 42 0-10 | B3 ;
4 | 5 0-0088 42 | 0-0038 | 57 | 0-0060 | 54 | 0-0019 = 78
1 ! ; ; : | | :
| | | i | |
Mean of 1902 and 1905.
Solstitial inequality, KEquinoctial inequality, !
% (Summer — Winter). 4 (Spring — Autumn). X
1 1|32 ;23 |13 1 30 | 12°5 2256 | 59 . 226
2 2 5-1 | 61 2:2 69 3-9 264 1-5 262
3 3 0-46 87 0-23 119 0-46 292 0-21 305
4 1 4 0-025 182 0-015 212 0-025 333 0-015 362
| | R |
1 3 73 l 341 2-7 338 : 1-52 72 0-50 76
2 4 0-53 17 0-27 48 | 0-048 348 | 0-094 270
3 5 0-016 l 220 0-014. 178 0-0042 46 0-0010 61
4 6 0-009 = 264 | 0-003 . 199 0-0014 225 0-0039 213
| L 3
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As regards the reliability of the results in Table F, this is, of course, greater for
the annual (7.e., mean equinoctial and mean solstitial) terms than for the seasonal
terms (solstitial and equinoctial inequalities). In the latter case the harmonics Q,",
where m = n, are fairly well determined, but the higher harmonics m = n+2 are
much less certainly evaluated. Among the components of different periods the
semi-diurnal one is probably most free from accidental error, but the agreements in
phase and amplitude for the other periods in the various parallel cases seem to
indicate that the harmonics Q",,, and Q,* for all four periodic terms have definite
terrestrial significance. It should be remembered that Q,* contains a numerical
factor which increases rapidly with m (¢f. Table B), so that the small amplitudes
E,” I,» for the higher harmonics represent magnetic variations much less small, in
proportion to the diurnal and semi-diurnal terms, than their numerical values suggest
at first sight.

This completes the actual analysis of the solar diurnal magnetic variation field,
although the original data, and the residuals between these and the values of a, and
b, calculated from the analytical representation, will be discussed later in connection
with the possible existence of a portion varying with the longitude. Before dis-
cussing the relation between the external and internal variation fields already
determined, a similar analysis of the lunar diurnal magnetic variation will be
described in order that the results of the two analyses may be considered together.

Parr III.—A NEwW ANALYSIS OF THE LUNAR DIurNAL MAGNETIC VARIATION.
§ 12. Description of the Data and of the Method of Analysis.

The data used in this analysis consist of the a,, b, Fourier coefficients in the
analysis of the lunar diurnal magnetic variation according to the formula (1). But the
time ¢ in (1) is now local mean lunar time, reckoned at the rate of 15 degrees per mean
lunar hour, which is approximately 3% times as long as a mean solar hour. The time of
origin is the local time of upper culmination of the moon, at the epoch of new moon.
The conventions as regards the signs of the three geographical components of force
are the same as in § 7. The unit of force in which the Fourier coeflicients are expressed
is 1077 C.G.8., or 001y, only one-tenth as large as the unit used in Part IL

The lunar diurnal magnetic variation is of very small amount, and it can be
computed with any approach to accuracy only by the use of a long series of
observations, so as to eliminate accidental errors arising from fortuitous disturbances
of much larger magnitude than the variation itself. In the present case seven years’
observations at each observatory have been used, and the years chosen were “ quiet”
as regards solar and magnetic activity. Except in the case of Batavia, the same
seven years (1897 to 1903) were used for each station. Owing to the reorganization
of the Batavian observatory during this period the years 1899 to 1901 had in this
instance to be replaced by the correspondingly quiet years 1888 to 1890 of a previous
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solar cycle. A longer period than seven years would, of course, have been
advantageous, but the labour of computation was already great.

The method of computation adopted, and in particular the method of calculation of
the non-semi-diurnal harmonic components, of changing phase, has been described in
an earlier paper, and a reference to this must suffice here.* In that paper are given
the data, so obtained, from observations made at Pavlovsk and Pola. These are
two of the five observatories chosen for consideration in this research ; the other three
are Zi-Ka-Wel, Manila and Batavia. The results obtained for the three latter have
not hitherto been published ; they are to be found in Tables IV. and V. The first of
these contains the Fourier coefficients corresponding to the different phases of -the
moon, reduced to the epoch of new moon; these data are subject to certain
corrections to amplitude and phase (cf. § 6 of the paper cited) which for convenience
have been applied only to the mean results. The latter, transformed in terms of the
geographical components of force, are given in Table V. The results for all the five
observatories are collected in Tables VI. (a) to (d).

The method of treating the seasonal changes is slightly different from that adopted
for the solar diurnal variations. Instead of dividing the year into four quarters it
was divided into three equal parts, November to February representing the winter
solstice, May to August the summer solstice, and the intervening four months the
equinoxes. It would have been better, for purpose of comparison, if this method of
sub-division had been adopted also for the solar diurnal variations; and, as Dr. CHREE
points out, this sub-division of the year corresponds more closely than the one adopted
with the actual seasonal changes in the solar diurnal variation.

As regards the solstitial data, since the semi-sum and semi-difference form the
basis of analysis (¢f. Tables VL (¢) and (d), corresponding to the solar diurnal
Tables II. (8) and (y)), the mean solstitial and the seasonal harmonics of Table G
result from eight months’ material, while the equinoctial material is based on
only four months of the year. Less weight must accordingly be attached to the
latter than to the former. It may also be remarked that the mean solstitial and
equinoctial epochs are slightly different for the two sub-divisions of the year, and
that therefore some allowance must be made for this when comparing the solar and
diurnal results. .

The analysis of the “observed” data of Tables IV. (a) to (d) is similar to that
explained in § 8; owing to the small number of observatories dealt with, however, no

* ¢Phil. Trans.,” A, 214, p. 295, 1914 ; ¢f. also A, 213, p. 279, 1913. It should be noted that in § 6 of
the former paper a phase correction is given with the wrong sign, viz., —2L/29 degrees instead of (as it
should be) + 2L/29 degrees. In applying the correction it is to be understood that the time of lunar
transit at Greenwich has been used as the local time of lunar transit on the same civil day at the other
stations, otherwise 360 degrees would have to be added to or subtracted from L degrees. The phase angles
given in Table VI. (), p. 316 of the former paper, need to be diminished by 42 degrees (Pavlovsk) and
20 degrees (Pola) on the above account.
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grouping was possible, so that the five observatories were each treated as were the
groups in the former analysis. Equal weight was accorded to each of the five
observatories. '

Another divergence from the course described in Part II. was that the equinoctial
inequality was not considered (with the adopted sub-division of the data, this was
not possible). Also the harmonics Q",,, in the solstitial inequality were left out of
consideration, since the functions Q,”, as with the solar diurnal variations, repre-
sented the greater part of the seasonal change, and the data hardly sufficed to
determine the small coefficients of the remaining harmonics Q" , ..

§ 18. Results of the Analysis of the Lunar Dwurnal Magnetic Variation.

The results of the harmonic analysis of the data in Tables VI. are collected in
Table G, which includes also the values of the separated internal and external parts

TasLE G.—The Spherical Harmonic Representation of the Lunar Diurnal Variations
of West and Vertical Magnetic Force, and of the Separated Fxternal and

Internal Fields.
The Unit is 10-7 C.G.S.

‘West. } Vertical. External E,,». Internal I,,™
n. m. i’“’ : |
A, B,m. | Ay | Byn | (@) (b.) @) ()
Mean Solstice, 4 (Summer + Winter).
‘; . - i T ; -
1 2 88 285 l - 50 233 | 43 218 45 6-7
2 3 04 S 74 - 60 | 46 - 06 4-9 10 25
3 4 | 016 0-42 0-00 | 079 0-09 032 0-07 0-10
4 5 ‘ - 0-0106 0-0106 0-005 | 0-048 i 0-0063 0-0102 0-0044 | 0-0005
! {
Equinox, Spring and Autumn.
1 2 @ 04 V 30°6 - 175 94 - 33 20°2 37 10-4
2 03 =07 | 90 ~ 82 15 - 16 53 09 36
3 4 | -003 , 0-59 4— 0°31 | 0:89 |- 005 043 0-02 0-16
4 | b5 ! 0-009 | 0:032 | — 0°009 E 0-051 0-004 0-022 0-005 0-010
% | | s
Solstitial Inequality, + (Summer— Winter).
| | l f: {
L1} -9 57 | -2ld ) 55 !~13 1 398 4-1 17-2
202 =33 22:2 | - 61 | 55 |- 32 144 -0-1 78
3 3 0-23 1-68 [ - 042 1-02 0-07 1-11 0-16 0-57
4 4 0-009 | 0-022 | 0-010] 0-039 0:006 | 0-016 0-003 | 0-0054
f “ | ]
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of the field. The notation is the same as that explained in §§9 and 11, only the
seasonal divisions and the unit of force (here 0°01y in place of 0°1y) being different.
In Tables VI. (b) to (d) the calculated values of @, and b,, corresponding to these
harmonic functions, are placed for comparison beside the values computed from the
observational data.

The agreement between observatlon and ca,leulatlon is naturally less good than for
the solar diurnal variation, both because the accidental error in the data is greater in
the present case (the whole effect being smaller) and because single observatories are
here used in place of groups of observatories, so that the local irregularities are
larger. The agreement is better, on the whole, in Tables VI. (¢), (d) than in
Table VI. (b), which rests on only half as much observational material as the two
former ; it is also better for the West than for the North component of force, as in
Part II.  The agreement is surprisingly good in Table V1. (d) for the horizontal force
components. The vertical force variations are smaller than the horizontal force
variations, and some of the values of A,* and B,” determined from the former,
are very uncertain. On the whole, however, while the present data might be very
considerably improved wupon, the results prove more satisfactory than I had
expected, at any rate for the horizontal force potential A,” and B, In judging the
success of the analysis, regard may be had to the agreement of phase between the
harmonic components of different periods and the reproduction of other features of
the analysis of the solar diurnal magnetic variation, which show the close parallelism
of the two phenomena. Although some of the tables of observed and calculated data
in Table VI. do not seem to show much correspondence between the two, the results
in Table G suggest that the assumptions underlying the analysis (.., that the
variations can be represented by the functions Q",+, or Q,*) are sound, and that the
discordances from the results of calculation arise from a relatlvely large amount of
accidental error in the observational data.

The use of so small a number of observations is, of course, a fit ground for criticism,
and calls for a repetition of this part of the investigation on a larger scale. The
present is to be considered as merely a pioneer attempt.- For this reason the analysis
has been narrowly restricted, and the results must be discussed with due recognition
that the percentage error is not small.

§ 14. Comparison with vAN BeEMMELEN'S Data.

As bearing upon the question of the accidental error of the initial data of
Tables VL. (@) to (d), it is interesting to compare the present values of a, b,
with those calculated by vaAN BeEMMELEN for the same observatories (only the a,, b,
coefficients are given by the latter author). It should be borne in mind, however,
that neither the epoch, the amount of observational material dealt with, nor the
method of computation, was the same in the two cases. Dr. vaAN Bemmrren divided
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the year, for the purposes of his paper, into summer and winter halves, and in
comparing with his results the summer and winter data of this paper, allowance has
been made for this by incorporating with them the equinoctial results, with half
weight. Table H contains all the material for comparison, and will sufficiently
indicate the probable accuracy of our present knowledge of the lunar diurnal

magnetic variation.

TasLe H (a).—Comparison of the Lunar Semi-diurnal Magnetic Variations at Five
Observatories, as determined by vAN BeEMMELEN (1) and in this Paper (2).

The Unit is 107 C.G.S.

West. North. Radial.
|
Observatory. . - b, @9, bo. o, Do,
!
1 2 1 l p) 1 ‘ 2 1. f 2 1 2. |1 2
I ! I ! |
Summer.
- T i i“ N | | | i
Paylovsk. . .| 110 | 112 -18 | 5 | 56 | 5 | 58| 86 - 19|- 32|-9 -3
Pola . . ... 137 | 122 -9 | 33 | 8 | 51 117t 103 | 16 34 |-55 |-34
Zi-Ka-Wei . . 191 | 210 -68 ' 23 | 30 9 9 6 111, 112 |-18 | 27
Manila . . .. 119 | 132 —47 '—21 |-10 |-22 1— 290 - 60 — 8 20|-78 |-86
Batavia. ... 14 - 5 -3 13 |-27 |-40 |- 43 - 70 - 3 - 4|-38 |-34
i : i i ! ! I
Winter.
| | ! w1 o
Pavlovsk . . . |- b 8| 14 18 |-35 |-12 |- 28 11— 1, 3|-15 1
Pola. . . . .. 10—~ 2| 271 | 33 | 19 | 28 0, 11| 23 23 -19 |-19
ZiKa-Wei . .| 35| 64|-56° |-40 | 73 65 ’— 33 (- 50 89 88 0 | 38
Manila . ... |- 34 |- 6|-72 |-80 |-48 |-27 |-102 |-112 - b4 - 29 |—62 |-87
Batavia. . .. — 178 [—195 |— 4 |—11 |-49 ‘—66 - 60 - 99 - 3 - 10| 13 | 10
1 ) | 1 | | |
Year.
N o | T
Pavlovsk. . .| 53| 60 |- 2 12 | 11 -3 15| 48 - 10 0l-12 -1
Pola. . . . . i 4| 60| 9 | 33 52 40 59 57 20| 28(-37 -26 |
| ZiKa-Wei . | 113| 137 |-62 - 8 ' 52 37 - 12 /- 22 100 | 100 |- 9 ' 32 |
'Manila . .. | 43 63 |-60 |-50 29 -25 - 66 — 86 — 31 |- 5 |-70  —86
- 82 ~ 85 - 3|- T|-13 i-12

| Batavia. . =100 |- 4 —12 =38 -53 - 52
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TasLe H (b).—Comparison of the Lunar Semi-diurnal Magnetic Variations at Five
Observatories, as determined by vAN BEMMELEN (1) and in this Paper (2).

The Unit is 10-7 C.G.S.

West. North. Radial.
) o ! 3 :
Observatory. Co. 0, . ! 0q. . i 0,.
! ;
|
1. 2. 1. 2. 1. 2. \ 1. 2. 1. 2. 1. 2.
E .
I }
Summer.
o I o o [+] | o o
Pavlovsk . . .| 111 112 99 | 87 82 86 44 3 21 4 245 214
Pola. . . ... 137 126 94 75 145 115 36 26 57 48 164 135
Zi-Ka-Wei . .| 203 211 110 84 31 11 73 56 112 115 99 76
Manila . .. .| 128 134 112 99 ! 31 64 199 200 79 88 186 167
Ba,ta\iia. R 14 14 102 201 | b1 81 212 210 38 34 185 187
| i
‘Winter
| | |
Pavlovsk. . . 15 20 340 24 ‘ 45 1 16 219 133 15 3 184 —_—
Pola. . .. .. 29 33 20 357 19 30 90 68 30 30 129 129
Zi-Ka-Wei . . 66 75 148 122 80 82 114 128 89 96 90 67
Manila . . . . 80 80 205 184 113 115 205 247 | 82 92 221 198
Batavia. . . .| 178 195 269 267 77 119 219 214 13 14 347 315
Year.
Pavlovsk. . .| 53 | 61 | 92 | 79 | 18 | 48 | 35 |356 | 16 1 {220 | —
Pola. . . . .. 5 68 83 61 79 70 41 35 42 38 152 133
Zi-Ka-Wei . .| 129 137 119 93 53 43 103 121 101 105 95 72
Manila . . . . 74 80 144 128 72 90 204 196 7 86 204 183
Batavia. . 82 101 267 263 64 100 216 212 13 14 193 210

The comparison may be completed by giving the results of vAN BEMMELEN’S harmonic
analysis of the semi-diurnal part of the variation, so far as they are comparable with

our present result.

Only the annual mean values of E;?(a), E2(b), L2 (), I?(d) can
be compared in this way. They are as follows :—

Eq? (). Eg? (D). 132 (). 1.2 (b).
VAN BEMMELEN . 12 42 0-1 35
Present paper . 0-3 4-9 1-7 28

The values in the last line are formed from those given in Table G for the mean

solstice (weight 2) and equinoxes (weight 1).

~ VOL. CCXVIIL.—A.

F

The order of magnitude of the above
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two sets of determinations is the same, and although there are phase differences the
amplitudes are closely similar.

‘We now pass on to consider the connection between the external and internal
fields determined from the solar and lunar diurnal variations, the material being the

results contained in Tables F and G.

Parr IV.—Tur CoNNECTION BETWEREEN THE EXTERNAL AND INTERNAL MAGNETIC
VARIATION HTELDS.

§15. The Observed Values of the Amplitude Ratios and Phase Differences.

Tn the present section the subject of discussion will be the relation between the
external and internal magnetic variation fields, as measured by the amplitude ratio
E,,Z"/Im" and the phase difference e,”—i,”. We shall not be concerned, for the time
being, with the actual values of E,” and e,”. The values of the amplitude ratios and

phase differences for the solar diurnal magnetic variation are given in Table I. The

values of E,”, I,*, ¢, i,” and the amplitude ratios and phase differences for the lunar

diurnal variation, calculated from Table C, are given in Table J (¢f. the first six columns).

TapLe I-—Comparison of the External and Internal Solar Diurnal Magnetic
Variation Fields.

}1 ( Sunspot maximum, 1905. Sunspot minimum, 1902.
C S Mean.
" ! .| Mean equinox. Mean solstice. j Mean equinox. ~ Mean solstice.
! |~ e o . | — R
I R ‘ . . | . | .
j I [ — L™ Emn/ I m"-! €y — lmn'!Emn/ L. l e’ — lmn-i mn/ L, ;emn = Lip™ Emn/ Lo en — 1™
NW—%‘AV‘»_ ° : o ! . ° f ’ o - o
i 1 . |
1]2 2:9 - b 2-8 -3 27 ' =23 1 30 i - 20 2:8 - 13
213 2+4 - 18 2:3 -19  2:0 - 17 ! 22 | -18 2:2 - 18
314 2-4 -21 27 1+ ~-20 ! 2'5 -21 | 2-4 -21 25 -21
4I! 5’ 2+2 - 23 2:3 | -16 | 29 - 80 ‘ 32 - 24 2-7 ;-2
| ‘
<<<<< [ |
Meanl’ 25 ~17 25 |, -14 ! 25 - 23 ’ 27 | -21 255 | ~19
i | i l i
Mean of 1902 and 1905. |
an- Q,nn+2- j
% (Summer_ £ (Spring 4 (Summer_ | % (Spring |
~ Winter). - Autumn). - Winter). | — Winter). f
e [ . R R 8 N o o - - 5 T I
11,8 25 | -7 21 | -1 2-7 + 3 | 30 - 4 !
22,4 23 |, - 8 2-6 E + 2 2:0 -31 r 0-5 +78
313,51 20 ; - 32 2:2 : -13 1-1 +42 | 42 -~ 15 i
4146 17 | -30 17 -1 3:0 +65 | 04 +12 |
Mean | 21 | -19 | 22 | - 8 | i
: ! | I | | |

i
S SR
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TaBLE J.—Comparison of the External and Internal Lunar Diurnal Magnetic
Variation Fields.

The unit 1s 10°7 C.G.S.

! | ' 1 |
External. ‘ Internal. i ‘ |
! | ! E," w_in | ! :
O i‘_" T |8 T lmt fcalculated |caleulated
B, _e‘m-"" Im”' im“" '
| |
| —— | | |
Mean Solstice, & (Summer + Winter).
| o | ° o °
1 2 ! 22-2 101 79 124 2°8 -23 2°6 ~-21
2 3 1 49 83 2+7 112 1-8 - 29 25 - —-20
3 4 033 106 0-12 125 2-7 -19 25 -20
4 5 1 0-0120 121 0-0044 173 2-7 - 52 2+7 - 22
Equlnox Qprmg and Autumn
L —
1 2 205 81 11-0 110 19 | -29 26 —-21
2 3 1 55 73 37 104 15 -29 25 - 20
3 4 1 0-43 83 0-16 97 2-7 l - 14 25 -20
4 5 0-022 100 0-011 117 2-0 - 17 2+7 - 22
Solstiti.al Inequality, % (Summer — Winter). l
i ! B i
1 1| 419 72 17T 103 24 | ~31 2-8 ~13
2 2 14-8 ] 78 83 19 - 6 2+3 -15
3 3 1-11 94 ' 0-59 106 1-9 - 12 23 - 16
4 4 i 0-017 | 110 0-006 93 2°8 +17 24 -18
i o . ] S

The numbers in Table I, relating to the solar diurnal magnetic variation, are
remarkable for the almost unbroken uniformity (neglecting the uncertain values for
Q",.,) with which they indicate that the external magnetic field is about 2'5 times
as great —reckoning by the surface values of the potentials—as the internal
field, and that the latter is in advance of the former, in phase, by about 20 degrees.
The differences between the values for the various harmonic terms, of different
degrees and periods, are much less noteworthy than the accordance exhibited : the
differences; moreover, appear to be in part real (§ 17). If the sixteen values of E,”/I,*
for the annual harmonics Q",,, are treated as if their differences were altogether
accidental, the probable error of the mean, 2'55, is found to be only 006. It may also
be noticed that the nearly constant value 2'5 corresponds to very different values of
A,rA,", BB, for the various values of m, and that these different ratios are
actually observed. :

The general result that the external field is about 25 times as great as the internal
field, at the earth’s surface, lies between the conclusions of Scuusrer (E,*/I," = 4,
approximately) and Frrtscur (E,"/I,” = 1'5,approximately); vAN BEMMELEN obtained

w2
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still lower values, both for the solar and lunar semi-diurnal variations. Hitherto
the evidence afforded by the third and fourth harmonics has never been examined.
There seems now no reason to doubt that the internal field is merely an induction
product of the external field.

If the latter be so, the mechanism by means of which the internal solar variation
field is produced must also be that responsible for the internal lunar variation field,
and the relation between the external and internal fields will be very similar in the
two cases. Table J does, indeed, show results very similar, in general, to those of
Table I, especially when the small magnitude and accidental error of the determined
lunar variation are considered. The mean amplitude ratio of the external and
internal fields in the lunar case is 2'8, while the mean of the phase differences (all
of which, save one, have the negative sign) is —21 degrees. The results for the
mean of the corresponding solar variation fields are 2°4 and —19 degrees. There
seems, therefore, no reason to question the similarity of the two phenomena in this
respect, although a more precise discussion of the point, with more adequate data,
would be of value.

As might be anticipated, the results of Tables I and J show little dependence on
season or on solar activity. The only notable difference between 1902 and 1905 is
found in connection with the diurnal ‘“annual” harmonic Q.!, for which the mean
phase differences are —4 degrees (1902) and —21 degrees (1905). The solstitial and
equinoctial results separately indicate these divergent differences, and thus tend to
establish the reality of the divergence. It remains to be seen whether other pairs of
years will manifest the same result, but for the present no theoretical explanation of
it will be attempted. Only the mean of the two values of e,'—i)' will be used, but
the uncertainty of this mean should be kept in mind during the discussion.

§ 16. The Hypothesis of a Uniformly Conducting Earth.

In § 2 a brief account has already been given of the theory proposed by ScHUSTER
to explain the results of his separation of the external and internal solar diurnal
magnetic variation fields. At that time the problem was to account for the induction
of an internal field of one-quarter the magnitude of the primary without the
production of a phase difference. It now appears that a phase difference does exist,
and it may be expected that the difficulty of explanation will be lessened. The sign
of the difference agrees with that predicted by the theory of induction in a uniformly
conducting sphere, as Prof. LaAMB'S researches® show (and this was kindly confirmed
by him on enquiry). The hypothesis of induction being so far substantiated, it
remains to consider the actual numerical relations between the external and
internal fields; the theory can be regarded as completely satisfactory only when the
same amount and distribution of conducting matter in the earth will suffice in
relation to all the harmonics of the many periods and degrees concerned.

¥ (f, the appendix to SCHUSTER’S first memoir, p. 513, and also ¢ Phil, Trans,’ 1883, p. 526,



DIURNAL VARIATIONS OF TERRESTRIAL MAGNETISM. 37

The simplest hypothesis, that of a uniformly conducting earth, will first be
considered. LAMPE's theory enables the amplitude ratio f, and phase difference «, to
be calculated for a uniformly conducting sphere of radius R and specific resistance p
for any harmonic term Q,” in the potential of the external primary variation field.
Tables giving equivalent results for certain values of p and m are to be found in
SCHUSTER'S paper, but as they are insufficient for the more extensive observational
data of Table I further calculations have been made which are summarized in
Table K. Where the two sets of values of f and a overlap they are in agreement.
The Table K gives the values of f and a corresponding to the two variables m and &
on which they depend ; ¢ is defined by the equation

_ 1 8winR?
N , 7

‘where N, the number of seconds in a day (the period corresponding to n = 1), is
equal to 86,400 in the case of the solar diurnal magnetic variation, and 89,500
(approximately) in the case of the lunar diurnal variations.

On the hypothesis that the whole earth is uniformly conducting, we must take
R=R (§9), and 27R = 4. 10" ecm. Hence for the solar diurnal magnetic variations

(20) s

4.10% 4
0= -
and for the lunar diurnal variations
4.10%n
) = —-.
(22) =

TasLe K.—Amplitude Ratios f and Phase Difference « between a Primary (External)
and Secondary (Internal) Magnetic Field, Induced in a Sphere of Uniform
Conductivity corresponding to Spherical Harmonics of Various Degrees m,

and for Various Values of §, or the Ratio Frequency/Resistivity.

| ‘ ‘
m = 1. m o= 2, ‘ m = 3. | m o= 4 | m = D.
N 1
3. : \ } . [ — i
f a f o 7 L a f. I o f L a
10| 4-21 47-9 582 | 66°H 8-73 754 1260 | 804 | 17-32 831
20 324 319 3:59 © 50°5 482 635 6:62 1 715 889 765
30| 2:95 252 2:96 ¢ 41-1 364 54-2 473 638 6-17 705
50 | 2°70 | 18-9 2-50 31-2 2-80 426 3-35 52-5 4-12 605
80 | 253 . 146 224 24+3 2° 36 336 2:65 421 3-07 500
100 | 2-47 13-1 2-14 216 2-21 29-9 243 378 2:76 45-0
162 | 2:36 10-1 1-98 16-7 1-98 233 2-10 295 227 359
200 | 2-32 9:0 1-93 15-0 1-90 20-9 1-98 26-7 2-11 32-3
288 | 2-27 73 1-85 12-4 1-79 17-4 1-83 .| 22-2 1-92 27-0
338 —— — e e 1-75 15-9 177 20-4 1-85 24-9
450 e —— — — 1-68 13-8 1:69 17-7 174 1 215
612 — e - — - - - e 165 | 18-4
]
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A Dbrief inspection of Tables I and K suffices to show that no single value of p can
be found for which the calculated and observed values of f and a are in agreement.
Indeed, even if we leave out of account the constancy of p for the different harmonics,
no calculated values of f and a are to be found in Table K which agree with those
which are deduced from observation. Thus, considering only the mean results for the
“annual” harmonics Q",,,, we may notice the following comparative figures :—

Tasre L.—Illustrating the Failure of the Hypothesis of a Uniformly Conducting

Barth.
i
' Theoretical « i Theoretical f ;
Harmonic. (corresponding to |  Observed a. (corresponding to | Observed f.
observed f). | observed «). ‘
. .

; Q! 37 | 13 19 28 |
| Qs 30 i 18 1-8 922
‘ Qe 39 - 3 21 1-8 95
1 ! | 43 | 23 18 907
l ’ i ]

These figures indicate clearly that the observed relations between the external and
internal fields could not arise from a uniformly conducting earth whatever its
conductivity. The observed phase differences are smaller than the amplitude ratios
would suggest on this assumption. The discrepancy is in the same sense as in
ScHUSTER'S paper, where no observed phase difference was found; but as his
determination of the amplitude ratio was also larger than those of this paper, his
data indicated a more outstanding failure of the hypothesis than do our present

results.

§ 17. The Hypothesis of & Non-uniformly Conducting Faith.

The simplest form of non-uniformly conducting earth which we can consider is
that discussed by Scuuster in his first paper, viz., a sphere containing an inner
core of one degree of conductivity and an outer concentric layer of another degree.
There is observational evidence for the belief that the outer crust of the earth, down
to a depth which is considerable in comparison with that of the oceans and of the
surface inequalities, possesses high electrical resistance. For this reason, and because of
the mathematical simplicity of the hypothesis, we shall suppose that the outer layer of
the earth is an absolute non-conductor. If R, is the radius of the inner core, and p its
resistivity, the theory referred to in §16 will, as before, enable us to calculate
the amplitude ratio f and phase difference « between the potentials of the
primary external, and induced internal, fields, at the surface of the inner core
(R = R,). Corresponding to a harmonic of degree m, however, the earth-surface
potential of the primary external field will at the surface of the inner core be reduced
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in the ratio (R,/R)" (¢f. §9). Similarly, the amplitude of the induced field, which is
(1/f) times the amplitude of the inducing field at the surface of the core, will at the
surface of the earth be reduced in the ratio (R,/R)***. Hence the amplitude ratio of
the primary and secondary fields, at the earth’s surface, will be equal to (R/R,)™+* f;
we shall denote this by f”, so that

(23) S = (RfRy"1 f.

The phase differences e,"—1i,", on the other hand, remain invariable at all radii, so
that the modified form of the theory enables us to account for larger amplitude ratios,
corresponding to given phase differences, than was possible in § 16. The right half
of Table L shows that this is the direction in which change is required in order to
fit the observational results. |

The adopted procedure was as follows. The phase differences o in Table I were
taken as the more fundamental observed data, and the various corresponding values
of d/n (or R?p), appropriate to the several “annual” harmonics Q*,,,, were read off
from Table K. The weighted mean of the deduced values of §/n was then formed,
less weight being given to the value corresponding to Q' than to Qg Q. Qs on
account of the discrepancy between the 1902 and 1905 values of e,)—i,'. The
adopted value of éfn was 125. The values of a calculated on this basis are given in
Table M, both for the annual harmonics used in determining d/n, and for the larger
of the seasonal harmonics, Q,”. The value of p/R.] calculated from (20), when §/n is
125, 1s 7°31 . 107" ‘

Table M.—Phase Differences Corresponding to a Conducting Sphere for which
p/R,;“ =7'81.107%

|
Annual harmonics. Seasonal harmonics.
Phase difference. Phase difference.
! — — -
Observed. Calculated. - Observed. Calculated.
Qq! (13) 18-9 Qq! ' 4 11
Qs 18 18-7 Qg2 3 13
Qs 21 19-3 Qe 27 15
Qst 23 20°5 Qs 24 17
Mean . . 19 19-3 Mean . . 15 14

The agreement between the observed and calculated values of a in Table M is good,
especially for the annual harmonics, which are better determined than are the
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seasonal harmonics (¢f. Table I). The differences are in most cases easily within the
limits of accidental error. .

‘As regards the lunar diurnal magnetic variation, the corresponding value of d§fn is
121, and, as Table K shows, the above values of « would hardly be affected by the
change. The calculated values for the lunar variation are given in Table J, alongside
the observed data. Considering the uncertainties in the determination of the small
~ quantities concerned, the agreement between the two sets of values is good. The
observed phase differences are, with one exception, of the right sign, and their mean
(—20°6) is in satisfactory accordance with the mean value of a (—19°0). The lunar
variation, therefore, supports the above hypothesis as fully as the reliability of the
data allows one to expect.

The theoretical values of f corresponding to the values of « in Table M were then
compared with the observed amplitude-ratios (which we denote by f), and in
accordance with (23), the values of ( f/[f )"+, or R/R,, were calculated for each of
the annual harmonics Q,”,;. The four values found were

(28a) 1068, 1030, 1041,  1°041 (R/R,).

Adopting the value 1°04, the following calculated values of f” were deduced from

the formula
(24) j"calc. = (1 .04)27n+1f;3310-

both for the annual and seasonal harmoniecs :—

TaeLe N.—Amplitude Ratios of the Surface Potentials of the External and Internal
Diurnal Magnetic Variation Fields.

Annual harmonics. Seasonal harmonics. }

|

= i

| . i

/. : % I f

i |

- fcalc' - fca.lc‘ !
Calculated. | Observed. - Calculated. | Observed. |

(A% 2:06 2-49 2-8 Q! 242 2:72 23
Q32 1:83 241 2:2 Qo2 1-88 2:29 245 |
Q8 174 247 25 Qs® 1-73 2-27 2-1 |
Qs 170 2:61 2:7 Q4 1-67 237 1-7 |
|

Mean . 250 255 Mean . 2:41 2-14 !

Again the agreement with observation must be considered satisfactory, so that
with the aid of only two disposable constants (p and R./R) a good account has been
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given of the values of sixteen observational quantities (eight values of the amplitude
ratio and eight of the phase difference). Naturally, however, the hypothesis of a
non-uniformly conducting earth such as we have considered must be regarded as
giving only a convenient idealized representation of the real facts.

The theoretical values of f’ calculated for the lunar diurnal variation are given in
Table J; they differ but little from those of Table N. The observed values in
Table J are somewhat irregular, but their mean (2'3) is in satisfactory agreement
with the calculated mean (2'5), when the accidental error of the lunar data is
considered.

§18. The Electrical~Conductwity of the Earth as Deduced from the
Diwrnal Magnetic Variations.

In §17 the following two quantities were determined, in connection with the
theory that the earth has a conducting nucleus of radius R, and specific resistance p,
surrounded by a non-conducting layer :—

(25) p/[R2=1731.10"%  R/R, = 104.

Here R denotes the radius of the earth (2R = 4. 10° cm.).
The thickness of the outer layer is given by

(26) : R-R, = R(1-R,/R) = 245 km,,

or about 160 miles. The specific resistance p of the inner core is similarly found to
be as follows :—

(27) p="781.10"° R2?=274.10" C.G.8.

These values may be compared with those deduced by ScmHUSTER in his second
memoir.* The calculation there made was intended to give only a rough estimate,
and in order to explain the apparent absence of phase difference between the external
and internal fields (¢f. §2) it was necessary to assume a high-—practically infinite—
conductivity of the inner core. Hence no comparison with (27) is possible. On this
basis, however, the deduced value of the thickness of the non-conducting layer was
1000 km., in place of the present value 245 km. The difference seems altogether
beyond the probable limit of error in the latter result, and 1000 km. must be
regarded as definitely too large. The estimate 245 km. can hardly be liable to so
much as 50 per cent. error, so that the outer layer is probably from 200 to 300 km.,
or 100 to 200 miles in depth. It should not be forgotten, however, that we have
no evidence for a sharp line of demarcation between the outer non-conducting and the
inner conducting matter.

* < Phil. Trans.,” A, vol. 208, 1907, p. 169.
VOL, CCXVIII.—A. G
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As regards the resistivity 274 .10 we may note that this is considerably less
than that of the dry constituents of the outer rocky crust of the earth. Ordinary
sea water is more conducting ; thus while for distilled water p is about 1'4 . 10", and
for rain water 6 .10, ScumipT* found that for North Sea salt water p is 2°5. 10,
and ULLERT states that water from the Mediterranean Sea may be only two-thirds
as resisting as this. ULLER also finds that the resistivity of moist earth ranges from
10® to 10*, but that for dry earth it is about 10%. Lowy] has measured the specific
resistance of the ordinary constituents of the earth’s crust (rock, stone, and so on)
and concluded that for the majority of specimens p is greater than 10, though the
results varied somewhat with the moisture in the stone. It would seem, therefore,
that apart from the comparatively shallow oceanic or water-bearing strata at or near
the earth’s surface, the outer crust is from 100 to 1000 times as resisting as, from
our calculations, the inner core appears to be.

The above data apply only to the solid crust, which geologists consider, on the
evidence of seismological and gravity measurements and the study of radio-activity,
to extend down to a depth of 30 or 40 miles only.§ Very little is known of the
nature or condition of the underlying substance. The above value of p, 274 .10%,
is much greater than the resistivity of metals such as iron at ordinary temperatures
(for which p is about 107); their resistance, however, increases with temperature, and
may also be affected by the great pressures to which the interior layers of the earth
must be subject.

As regards the depth of the non-conducting layer, 200 to 300 km., it may be
noticed that HrLmErr|, and also TrrrmanN and HavrorDT, have concluded that
the inequalities in the distribution of mass near the earth’s surface extend down
to a depth of 120 km.; variations in the electrical properties of the earth seem
therefore to extend below this region of variation of elasticity.

Parr V.-—Ox CeRTAIN PROPERTIES OF THE LIARTH'S ATMOSPHERE.
§19. The Solar Diuwrnal Barometric Variation.

As was remarked in § 6, the atmospheric motions to which the daily magnetic
variations are to be attributed, on the STEWART-ScHUSTER theory, are the horizontal
and not the vertical movements. Before proceeding with the study of the magnetic
variations, a brief statement will be made of the principal relevant facts regarding
the daily circulation and electrical conductivity of the atmosphere.

* Scamipt, ¢ Jahrbuch d. Drahtlosen Telegraphie,’ vol. 4, p. 636, June, 1911.
1" ULLER, ibid., p. 638.
t Lowy, ¢ Anun. d. Physik,” 36, p. 125, October 3, 1911.
3 Cf. Sir A. GrIKIE'S Article on Geology, ¢ Encyc. Brit.” (11th ed.), vol 11, p. 654,
| HeELMERT, ¢ Encyec. d. Math. Wiss,,” VI, 1, B, vol. 2, 1910.
4 “(Geodetic Operations in the U.S.A., 1906-9.” ¢Report to 16th Conference of the International
Yeodetic Association,” by O. H. TrrrmaNN and T. HAYFORD.
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As regards the former, the sources of information are the diurnal variations of
barometric pressure, of air temperature, and of wind. Axcor* and HANNT have
studied the daily barometric variations in great detail, and Dizes] has discussed the
daily changes of wind at St. Helena. Gorp§ has examined the theoretical relations
between these phenomena and the air-temperature variations. .

The 24-hour component of the barometric variation is very irregular in its distri-
bution over the earth, varying greatly both in amplitude and phase with season,
situation (continent, land or ocean, mountain or valley), and weather conditions. The
12-hour component, on the contrary, is one of the most regular of all meteorological
phenomena. Its phase is almost exactly the same over the whole region between
latitudes +60 degrees (at least), its amplitude shows a regular diminution with
icreasing latitude, while 1t is practically independent of longitude, weather con-
ditions, and local situation. Mountain records indicate that the 24-hour component
diminishes with increasing height, vanishing and re-appearing with reversed phase.
The 12-hour component likewise diminishes in amplitude, but almost proportionately
to the pressure,|| while its phase is gradually retarded. GoLD assigns 90 degrees as
the probable total diminution in the corresponding phase.

The anunual changes i the 24-hour barometric variation are not very regular ;
those in the 12-hour component, on the contrary, are simple and definite. The
phase is constant throughout the year, while the amplitude has maxima at the
equinoxes and unequal minima at the solstices, the total variation, however, being
small. The solstitial minima are simultaneous in the two hemispheres, the principal
minimum occurring at aphelion in June.

AxGor has shown that there is also a harmonic of period eight hours having
a regular annual variation, but it is too small to require consideration in this paper.

The dependence on latitude of the amplitude of the 24-hour component is rather
uncertain ; ANcor gives the law as sin® 6, 6 being the co-latitude. ScHUSTER, in
his second memoir (§ 6), used the harmonic Q' or sin 6, stating however, that the
harmonic Q' might also be present. Expressed in millimetres of mercury, the value
actually used was, at the equator,

(28) 03 sin ¢.

ANcor found that the amplitude of the 12-hour component was mainly proportional
to sin* 6, but contained in addition a term proportional to sin® 6, as ApoLr ScHMIDT

* Axgor, ¢ Annales du Bureau Central Métdorologique de France,” 1887, pp. 237 -344.

T Hany, “Lehrbuch,” and also numerous papers in the ¢ Met. Zeitschrift” and the publications of the
Vienna Academy.

I Dixus, ¢ Meteorological Office Publication No. 203, 1910.

§ Gowrp, ¢ Phil. Mag.,” 19, p. 26, 1910. ,

| The diminution of amplitude seews to be slightly more rapid for the 12-hour amplitude than for the
total pressurc,

G 2
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has also remarked ; Gorp has used the law sin®6, which fits the observations very
closely. Scuuster adopted the law sin® 6 (or Q,?), which represents the facts
moderately well, though distinctly less well than sin® 6.  ScHMIDT'S expression was

(29) (0°81 Q,2—0°082 Q) sin (2¢-+154°).
The seasonal variation of amplitude has been represented by Axcor by the formula
(30) ' cos? ofd?,

where ¢ is the sun’s declination and d its distance. Tts magnitude is well illustrated
by the following results of an analysis of the Batavian barometric observations for
the period 1866 to 1905 :—

Spring (February to April) . . . 1026 sin(2¢t+1560),
Autumn (August to October) . . 1022 sin(2(+168°9),
Summer (May to July). . . . . 0935sin(2¢+158°5),
Winter (November to January). . 1°009 sin(2(+161°°9),
Mean equinox. . . . . 1°021sin(2¢+159°9),
Mean solstice . . . . . 0971 sin(2t+160°'3).

The mode of origin of the daily barometric variation has been much discussed, but
the question whether the important semi-diurnal component is of tidal or thermal
origin, or both, seems still open. If it is fundamentally a tidal effect, resonance with
a free atmospheric period of 12 hours must be assumed, since the lunar diurnal
barometric variation (which can hardly be of other than tidal origin) is of much
smaller magnitude. Probably resonance is mnecessarily involved also if the cause
is thermal, as the KuLviN-MArGuLus theory supposes. In any case, however, the
12-hour variation is clearly much more fundamental than the 24-hour component,

a fact which has an interesting bearing on the magnetic variations.

If ® is the velocity potential of the atmospheric motion, so that %([S is the velocity
(&R

in the direction of ds, the simplest theory connecting v and the pressure variation dp

asserts that

(31) , ;2 = ,_

where v is the velocity of sound. At the earth’s surface, taking dp as

(32) 0'3Q. sin (A +2)+(0'81Q,2—0°082Q,2) sin {2 (A +¢/)+ 1547}

n mllhmetles of mucury (so that p in the same units is 760), we find that

(33) & = (Notf2mp) [0°3 cos (\+) +{0°16Q, —0°041Q*} cos {2 (\+1/)+154"}].
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The numerical value of Nv*/27p is 199 . 10" (N = 86400, v* = 11°0. 10%) or 31'8R,
where R 1s the radius of the earth.

The calculated values of the semi-diurnal components of velocity to east and south,
at the latitude of St. Helena (16° 8.), are approximately given by

(Kast) —21 sin (2nf+154°) em. [sec.,
(34) |
(South) 9 sin (2nt+244°) cm. [sec.

1

J. 8. Dings has determined the actual values at St. Helena to be

(Kast) —22 gin (2nt+158°),
(35)
(South) 85 sin (2nt +237°).

The agreement in phase is therefore very good, and also in amplitude for the
easterly component ; the southerly component variation is, on the contrary, much
larger than the simple theory would predict.

It has already been remarked that dp/p seems to diminish upwards, so that in
accordance with (31), the value of @ in (83) should diminish in amplitude with
increasing height.* The phase should also vary with height in the same way as for
the pressure variation.

§20. The Lunar Diwvrnal Barometric Variation.

Larvace, in the ‘ Mécanique Céleste, xiii., ch. 1, seems to have been the first
to mention that tidal motions should be present in the atmosphere as well as in the
oceans. He also discussed a series of barometric observations made in France and
found definite evidence of a very small lunar semi-diurnal variation, which he inclined
to attribute to the indirect (rather than direct) tidal action of the moon working
through the lunar tidal motion of the sea. Sapinm (‘Phil. Trans.,’ 1847) proved
from the discussion of two years’ barometric observations at St. Helena that the
magnitude of the lunar semi-diurnal barometric variation was of the order of 0°1 mm.
of mercury. The most complete determination of the effect, however, has been made
at Batavia (* Observations,” 1905); as in the case of the solar diurnal variations, the

* As regards the magnitude of the diminution, some European mountain observations discussed by HaNN,
* Wien. Denkschriften,” 59, 1892, may be quoted, although mountain observations may not be altogether
representative of the conditions in the free atmosphere at the same height. Considering the whole
amplitude of the barometric variation, reduced to sea-level according to the formula 8p/p, the results from
beights of 1} to 2§ km. were found to be 0°28 mm., or even less, whereas the normal sea-level value
in the same latitude is 032 mm. ‘

T HANN (ibid.) shows that, at the mountain stations referred to, the phase angles range from
110 or 120 degrees to 140 degrees, in place of 154 degrees,
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lunar dournal term is variable and irregular, while the semi-diurnal term is constant
its value (calculated from forty years’ observations) being, in millimetres of mercury,

(36) | 0°063 sin (2t+65°).

Waener (‘ Gottingen Abh., ix., 4, 1918), has also discussed six years' hourly
barometric observations at Samoa, with the aim of determining the various charac-
teristics of the lunar semi-diurnal barometric variation. The material was insufficient
for the attempted purpose of investigating the effect of season, lunar distance,
declination, and phase, but the mean result for the semi-diurnal tide may be

quoted, viz.,
(37) 0°089 sin (2¢+33°).

The data do not suffice to determine the dependence of phase and amplitude on
latitude, but we shall assume that the phase is constant, while the amplitude
is specified by the function Q2. The Samoan result does not support this conclusion
very strongly when compared with the Batavian determination, but the material
is insufficient to enable a definite judgment to be made as yet. For the present the
Batavian result will be adopted as the basis for discussion in this paper. The
corresponding value of the velocity potential & is given by

(38) @ = 324R . 0°010Q, cos (2¢+65°).

§ 21. The Blectrical Conductivity of the Upper Atmosphere.

It has already been mentioned (§ 6) that the electrical conductivity of the upper
atmosphere was discussed by ScHUSTER in his second memoir. The possibility of the
production of a conducting layer such as was suggested in that discussion by the
agency of ultra-violet radiation from the sun has recently been considered by SwaNN,*
in connection with recent physical data bearing on the problem. Assuming the
ionized constituent of the atmosphere to be oxygen, it is possible to determine the
rate of supply of energy of ultra-violet radiation necessary to maintain the proposed
conductivity (10-1 C.G.S. electro-magnetic units, in a layer 800 km. thick, where
the average pressure is 107° atmosphere). The ionization potential for oxygen is
9 volts, and only the radiation of wave-length less than X 1350 is available for
tonization.t Considering the solar spectrum to be that of a black body at 6000° C.,
it appears that 1'6. 107" of the whole solar radiation would be thus available; it is
found, however, that even if the total radiation of all wave-lengths were absorbed in
the act of ilonization, the rate of ionization would still be only one-sixteenth of
what is required. SwaANN points out that the simplest method of overcoming the
% Swann, < Terrestrial Magnetism,” XXL, p. 1, 1916. . .

T Huenges, ¢ Proc. Camb. Phil. Soc.,” 15, p. 483, 1910 ; ¢ Phil. Mag.,’ 25, p. 685,.1913.
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difficulty may be the assumption of a smaller pressure in the conducting layer.
He shows, indeed, that if the variation of the quantities involved in his calculations
follow the same laws at low pressures as those actually determined at ordinary
pressures, the conductivity should theoretically tend to an infinite value with
increase of altitude. Perhaps the inference to be drawn from this is that whatever
ultra-violet light is present is absorbed only in some particular layer of the atmosphere
of appropriate constitution.

SwANN does not discuss the pressures and composition actually existing in the
upper atmosphere. It appears likely, however, that at about 100 km. height the
atmosphere contains roughly equal proportions of hydrogen and nitrogen, with only
about 2 or 3 per cent. of oxygen; the pressure is approximately 3.10~° atmosphere.
At 170 km. hydrogen is altogether the preponderant constituent, the only other
which is at all appreciable being helium (6 per cent.); the pressure is approximately
6.10"" atmosphere. Owing to the lightness of hydrogen, the pressure diminishes
with height much more slowly than near the base of the stratosphere. Even at
800 km. height, where hydrogen is the sole constituent (within a small fraction of
1 per cent.), the pressure is probably 10~ atmosphere.* Perhaps at such high levels
as these the ultra-violet radiation (A < 1350) of the amount considered by SwanN
might be sufficient to produce the required conductivity ; his calculation related to
oxygen, however, and how far it would be modified in the case of hydrogen is
uncertain—I am not aware of the existence of the data necessary to examine this
point. But it may be doubted whether, in any case, the suggested agency can be
sustained as a probable cause of the ionization. In the first place, even though the
solar atmosphere should allow such short-wave radiation to escape, its intensity must
be much diminished, relatively to the red end of the spectrum, by scattering, and its
total energy must be much less than that appropriate to a black body spectrum at
6000° C. Moreover it seems likely, in view of the close connection between solar and
magnetic activity and the auroral, that the two latter terrestrial phenomena may
originate in similar regions of the atmosphere. Recent observations indicate that
the level of aurore is generally between 90 and 140 km.T; SwANN'S calculation
seems to preclude ultra-violet radiation as the ionizing agency in the conducting
layer, if this is indeed situated at the auroral level.

Whatever the origin and situation of the conducting layer, the main cause of its
ionization must be in the sun, since the magnetic data of this paper indicate a very
strongly marked diurnal variation. Hence spontaneous ionization, uninfluenced by

* For these atmospheric data ¢f. JEANS’ ¢ Dynamical Theory of Gases’(2nd ed.), p. 356. If, however,
as some authorities believe, there is no appreciable amount of free hydrogen in the atmosphere, the
pressure will fall off much more rapidly than is described above, and the conclusions would be modified
accordingly. # ‘ )

t STORMER, ‘ Terrestrial Magnetism,” XX., p. 159, 1915 ; SWINNE, ‘ Phys. Zeit.,” 17, p. 529, 1916, has
discussed 2500 parallax determinations of the aurore, and finds that 2098 lie between 90 and 130 km.,.
and 322 between 130 and 200 km. ‘
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the sun, cannot be an important factor. Some form of corpuscular emission may be
supposed to be responsible. ScHUSTER, in his second memoir, showed that only very
rapidly moving corpuscles could possibly be so regarded ; these would act as fertilizers
in the absorbing layer by producing ions through collisions with molecules. Such
corpuscles might be few in number compared with the total number of ions thus
liberated ; but if they are supposed to be of both signs, their speed of transmission
from the sun must be great in order that re-combination may not take place on the
way, while, if they are of one sign only, the accumulation of charge in the earth’s
atmosphere may present difficulties. The hypothesis therefore stands in need of
numerical examination similar to SwaNN’s discussion in the case of ultra-violet
radiation, but at present the necessary data for this are wanting. It is difficult to
imagine further alternatives, however, and the existence of the conducting layer
itself can hardly now be questioned. '

It may be mentioned that, since the intensity of the ionizing agent varies as the
square of the resulting conductivity, the former must be from 100 to 150 per cent.
greater at times of sunspot maximum than at times of minimum, the increase in the
conductivity being from 35 to 60 per cent.

The phenomena of electric wave transmission also afford evidence on the present
subject, and some conclusions of Ecorrs® may be mentioned. Three strata of the
atmosphere are proposed, the highest one (first suggested by Huavisipe in 1900)
being strongly and permanently conducting, while the lowest is permanently non-
conducting. The middle layer, the lower surface of which was roughly estimated to
be 50 miles high, is a conductor by day and a non-conductor at night, the transitional
region being fairly definite. The magnetic phenomena discussed in this paper indicate
a layer resembling the middle stratum in Dr. Eccres’ theory, but give no evidence of
the higher, permanently conducting layer.

Parr VI.—TuaE TaRORY OF THE EXTERNAL SOLAR AND LUNAR DIURNAL
MagenETie VArIATION FIELDS.

§ 22. Outline of the Mathematical Theory for the General Law oy Atmospheric
Conductivity.

In Parts II. and IIL of this paper it has been shown that the major portion of the
solar and lunar diurnal magnetic variations is due to magnetic forces which possess a
potential, and are therefore attributable to electric currents. These were found to
be situated mainly above the earth’s surface, and in Part IV. the internal current
system was shown to be probably caused through induction by the external current
system. The remaining task involved in the explanation of the whole phenomenon
consists, therefore, in accounting for the externally circulating system of electric

* Tccues, ‘Roy. Soc. Proc.,” A, vol. 87,Vp. 79, 1912,
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currents. The STEWART-SCHUSTER theory of their origin will form the basis of this
enquiry, and the data to be considered will be those of Table F, p. 27, for the solar
diurnal magnetic variations, and Table J, p. 85, for the lunar diurnal variations.
The former data are the more accurate, and are alone suitable for exact numerical
comparison with the results of theoretical calculation. But it will be found that
great advantage accrues from the possession of data relating to these two closely
similar yet independent sets of magnetic variations.

For convenience later in the discussion it is necessary at this stage to outline

the mathematical analysis of the above theory. The following investigation is a
continuation of two earlier studies of the same problem by ScHUSTER* and the
present writer.{ It is more general than the first of these, and also embodies certain
simplifications of the methods of both papers. The details of the calculations are in
all cases similar, however, and will be omitted here.
- We suppose that the phenomenon takes its rise in a spherical shell of mean radius
1 and thickness e (small compared with »). The conductivity of the air in this shell
will be denoted by p, and we shall suppose that p (or pe) is a function of w (the zenith
distance of the sun from the point considered) expressible in the most general terms
as a power series in cos . Clearly, if  is the declination of the sun, and 9, A are the
co-latitude and longitude of the point, we shall have

(39) cos » = sin & cos + cos d sin 6 cos ¢

at local time ¢ (¢t = \+¢/, ¢f. § 9) We suppose, therefore, that

(40) pe =K i @, oS w. - C(ay=1)
Consequently o

(41) (pe)t = K2 2 b, cos* o, (b, = 1)

where o

(42) b, = S Wl

=0

1l

It is convenient to transform pe and (pe)? into Fourier series in cos st as follows :—

(43) pe =K 2 f, cos st, (pe) = K2 X g, cos st.
Here
(44) j* =f—8 = 2 s+2q0q . ds+2q . (T‘lg cos ¢ sin 6)”24,

qg=0

(45) g=g_,= > e12qUy + Copag - (3 cOs 3 sin )2,
7=0

* SCHUSTER, ¢ Phil. Trans.,” A, vol. 208, p. 185.
T ¢Phil. Trans.,” A, vol. 213, p. 288.
VOL. CCXVIII.—A., H
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and

(46) d, = > 14xCh .y, - (sin & cos 6), e, = > 102Cy 2 by, . (sin & cos 0),
=0

1=0

so that f;, g, are power series in sin 6 and cos 6.
For the present we may consider an atmospheric oscillation of the general harmonic

type, for which the velocity potential is
(47) ¢ = K,/ Q, sin (rt—a).

The radial magnetic intensity of the earth’s field (measured positive outwards)
will be denoted by V. The components of electric force, X and Y, measured towards

the south and east respectively, are given by

__V Jdo r__Vdo
(48) T rsinfd)’ V= r de

“

If we express X and Y in the form

’ T d rpesin Bdr ~ rsinfdx e (ZH

the function R will be the current function of the electric currents produced by X
and Y.*

In order to obtain 3 from (49), SCHUSTER ﬁrst determined & by eliminating 3R,
and afterwards determined 8 by the use of & In my own earlier treatment of the
problem I sought to avoid the calculation of & by using the resistivity in place of the
conductivity, so that 1/pe was the function which was expressed in the form (40).
But it is better to keep p as the fundamental function, and this is easily effected,
and R directly determined, by the use of the following method.

On eliminating & and multiplying both sides of the resulting equations by
(pefsin 8)>—this being the step which yields the improvement of method-—we obtain

the following result :—

(pe)?r {g_)_(_ d ]f pe {d”?ﬁ diR
(50) sinf ldx ~ d6 75 (Y sin6) sin? 0 | d\? + sin 9 de sin 6 =7 do %

{ 1 dR Clpe di& dpe}

sin?f dx dx | dO do

* Here we neglect the effect of self-induction for the present (see, however, § 26). We define 4R by

the property that the flow across an element of length ds, measured from left to right, is flg:—{ds.
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We may suppose that the solution 3 is expressible in the form of a series of
spherical harmonic functions, thus

(51) 3& K, CK DS P Q" sin (1t —e,).
m=0 np=-—x
In this equation Q,,~", when = is positive, will be defined as equal to Q,". When
m 18 numerically less than n, Q," is zero.
When the above values of 8 and pe are substituted on the one side, and of X and
Y on the other, (50) becomes

(52) = g,L{%%——a(c—%—l)VQ,’} sin (r+st—a) + 20 DV coq (75t “)

8=

x ®x

-0y 3 3 P, R, (s) sin { (1 +8) t—a,,},

m=0 n=—0 &= —*

where

(53) R, (s) = {m(m+1) —nsfsin? 0} Q. f,+ f! S Q’"
and

(54) Sl =%

dag

By equating corresponding periodic functions of ¢ and 6 on the two sides of (52),
we may determine the values of p," and a,.

For the time being we will now limit the problem to the determination of the part
of & which depends solely ou local time, 7.e., to the case in which «, is independent
of A, so that on the left-hand side of (52) the term dV/dx will be omitted. This is
the same thing as omitting from V the part which depends on X. If we regard the
earth as a uniformly magnetued sphere, with its magnetlc axis inclined at an angle
¢ to the geographical axis, we may write

(55) V = Ccos §+C tan ¢ sin 6 cos A,

where C is a constant (approximately equal to —%, having regard to our conventions of
sign) while A, is the longitude measured from the meridian (68° West of Greenwich)
which contains the earth’s north magnetic pole. The constant C has, for convenience,
been already introduced in (51).

Neglecting, therefore, for the present, the second term in V, (45) becomes

(56) 3 3 = pm”R,,,"(s)sm{(n+s)t—-a,,;

M=0n= -0 §=

{o—(a'+2)(0'-‘r+ 1)Q’,+1+(a'2-—- 1)(cr+'r) Qﬁ,_l} s:}:;mg, sin {(S+'r)-

H 2

20’-{—1
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Hence it appears that for all values of 7,
(57) o, = o.

and on equating the factors of corresponding periodic terms on the two sides of the
equation (56), we find that '

w ®

(38) o o (e 2 (o=t ) Q) (4 ) Q) = 3 5 poRI(S)
o--|—1 m=0 n=-» .

where

(59) § = s+r—n.

There are an infinity of equations of type (58), one for each positive and negative
integral value of s. Both sides of (58) may be expressed as the sum of a series of
spherical harmonics of type Q,**", where (cf. 44, 45) » may take all integral values.
By equating the factors of corresponding harmonics on the two sides, a doubly infinite
set of equations is obtained, from which the doubly infinite set of constants p,* may
be determined.

If the atmospheric conductivity is uniform, f; and g, are zero except when s = 0, so
that only the central equation of the set (58) appears, and on the right-hand side
R, (s') vanishes except when & =0, .e., when n = . Also R, (0) = m (m+1)Q,’,
and g, = 1. Thus, comparing the two sides of the equation, the only two values of
m for which p,* is not zero are s+1. Consequently, a term Q) wn the velocity
potential of the atmospheric oscillation produces harmonics of types Qy,, and QT _;,
and no others, in the electric current function R, when the conductivity is wniform.
If also o = 7, as in the atmospheric oscillations Q,' and Q% Q,_; is zero and only
the single harmonic Q,,, will appear in 8. In this case the value of p.,, is found

to be
(60) . 'r/('r+1) (21'+ 1).

If the atmospheric conductivity, or pe, is of the form K (1+a, cos w), s in (58) can
take five values (—2 to +2), while s’ on the right can take three values (—1 to +1).
Hence n may range from ~—3 to ++3, by (59), while m may range from o—3 to ¢+3.
Only p7,, and p’,_, contain a,, as before, and they also contain only even powers of
Wy 5 Posry Pora' ' contain «, to the first and odd powers, and so on. The coefficients
p,,* have been worked out by ScHUSTER, for this law of conductivity, to the fourth
power of a,, for the two harmonics Q,' and Q,* in the velocity potential. The more
important of these coefficients, which will be required in the subsequent discussion,
may be obtained from Table O by writing a, = 0.

For more complicated forms of pe the calculation of the values of p,”, although
straightforward and simple in principle, becomes increasingly laborious. In my
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previous investigation the calculation was carried as far as a,® and a, for the law
K (@ +a, cos w+a,cos? »), but this degree of approximation proves to be insufficient
for the purposes of this paper. The terms have therefore been computed as far as
the fourth order, for the same law and for the atmospheric oscillation Q,%. In this
case (58) takes the form

’ g, 8In".0 cos 0 = mn /nn S
61 24g, sin*fcos 6 = = = p,"R

The values of the more important coefficients p," calculated from this equation are
given in the following table :-—

TasLe O.
Annual terms—

16 1
Pat =§))001 cos & + 11340010033(20&, —9a,) (5 cos? §—4 sin? §)
pz”‘; -1 a,® cos® §+ — ! —— o, b, COS® &
189 42 2
2 1 2 1 53 1 . 11 .
ps = T 5—7—(—)%2+ TR YR al‘*<3—200s‘8+ -2-681112800s23+ 3 sin* é>
1 2 490 oin? 3 "
+16.810a1a2(5900s d—8 sin? § cos? 3§+ 80 sin* )
27100 a5’ (11 cos* §—8 sin? § cos? 8+ 16 sin* J)
, 29 1

2 ost S+ 4
Ps 103,680wlcs +540a2 cos*o

3 = ..L ) _______1______ 2__ 28 o2
D4 T1p @1 008 8+ 2100.2400&10038(15@1 64a,) (4 cos® §—sin? J)
pt=0

« 1 3 1 4_ 2 2 2 128 2
P 3150 % 08 S+ 600.9450“00&1 51a,’a,+ 40a,?) cos® § (8 sin? §—2 cos? J)
pst=0

Seasonal terms—
P = —:2——01,2 sin & cos d— —— a,* sin d cos® §
: 105 210
R R <4_ 1057 - 23>
21 a,’a, 81In § cos 0 oiF ~ 15 1024008

1 (_(i.__??. 23)
+2520a2 sin d cos § 3~ o8
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TasLE O (continued).

Seasonal Terms (continued) -

Pt = 2100 ———(80a,*—160a,*a,~744a.?) sin § cos® 3

P = %—6 (5o +24a,) sin & cos §— ﬁl(.o% o, 811 8 cos 8 (13 cos? §—43 sin? §)

+ 5 ;34 a,*sin § cos § (191 sin? d—41 cos® §)
— —é—;-(—) a? sin & cos & (27 cos? 8+ 8 sin’ )

Pyt = m (145a,*~ 690,20, + 48 . 83a,*) sin § cos® §
pl = ()83 a, sin d+ ; 1134 a, sin 8 (20,°—9a,) (2 sin? §—cos? §)
P, i=0
pd = 51_5 a, 8in § + m_“l sin & (156> —64a,) (8 sin? §+3 cos’ )
pl=0
pd = 21160 (5c,* +24a,) sin & cos + 3 1:1040 o, sin d cos § (133 cos? §—41 sin? §)

+ 12,260 %, sin § cos § (13 sin? §—29 cos? 8)

5;() 22 sin & cos § (cos? §—sin? &)
pt = L ——— ;" sin § cos? dF —— ! by 81N 3 cos? &,
13 ,440 3150

We may now also take into accournt the second term in V, depending -on longitude
(¢f. 55). On substituting this term in place of V in (52), and taking ¢ = + = 2 (s0
that we consider only a semi-diurnal atmospheric oscillation of type Q,%), the left-hand
side 1s found to be

(62) 2K,*KC tan ¢ > 9, [(9Q,'—4Q)sin { (s +2)t =Ny —a} +2Q, sin {(s+2)t + A, —a}].

8 =%

When the conductivity is uniform it follows that the corresponding parts of R, the
current function, are as follows :—

(63) s KSPKC tan ¢ [(27Q,'—2Q4) sin (2t —Ny—a )+ Q,® sin (2t +r,—a) .
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The general form of % may be written thus

(64) 6K,2KCtan ¢ S = [g.sin {(n—1)t+x—a}+r,"sin {(n+1) t—No—o} | Q"

m=0 n= -

in place of (51), and from (50) and (62) we obtain the following equations for g,
and 7" :—

(65) —g,(sin =2 sin® 9) = 23 "R, * (¢ —1),
(66) 29, sin® § = 22q,"R,* (' +1).

We shall only consider the simple law (a,+a, cos ) for the conductivity, and we
shall neglect the seasonal terms containing sin . To the first order in @, the
following are the values of ¢, and #»,* for the principal 24- and 12-hour longitude
harmonies :— ‘

) 1 __ ¢ 1 1. 3 1
[( =, Ty = — 45, 9 = g0,
(67} W) ry = — ‘159?“1 cos 4, 7 = 4o, cos d,
2 __ 3 2 _
L g5 = &, cos d, g = — o, cosd,

The values in the first line of (67) necessarily agree with (63). This calculation
is very incomplete, but it will sufficiently illustrate the discussion of the longitude
terms in the magnetic variation, and until the main part of the phenomenon is better
accounted for, it is hardly worth while to make a more elaborate determination of
q," and 7"

The above investigation gives the method by which the electric current function 3]
18 obtained. MAXWELL has shown that the magnetic potential corresponding to
a term Q,” in R, at a radius R within the spherical current sheet, is given by

(68) —47 (m+1) R"Q,"/(2m+1) »™.

Since the lower limit of the current sheet is probably fifty* or more miles above
the earth’s surface (the radius of which we denote by R), the mean value of » may
be perhaps 2 per cent. greater than R. In this case, for some of the higher harmonics
in the Tables F and J, such as Q;, the factor (R/»)" will not be quite negligible, and
later it will be again referred to (§ 23).

We have so far assumed that =, n, s are all integers, so that the periodicities, with
regard to time, of the atmospheric oscillation and conductivity are commensurate.
In the case of the lunar diurnal atmospheric oscillation and the atmospheric con-
ductivity (which depends on solar time) this is not the case. The difficulty may be
overcome in a fairly accurate way by regarding the conductivity as a function whose

* Of. 821, 24.
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period is a lunar day, and allowing for the slight difference between this and the
time period by supposing it to have a slowly varying phase. Thus if ¢ in the above
investigation represents solar time, and £, represents lunar time, we may write

(69) = t0+V7 t() = t-Vs'

where » measures the lunar phase, and increases from 0 to 2= during the interval
between successive epochs of new moon. The atmospheric oscillation (47) now has
the time factor sin (+f,—a) in place of sin (rt—a). Now 7f,—a = vt—(a+7v). Hence,
if we replace a by «+7v, the above investigation remains unchanged. The result must
be interpreted in lunar time, however, so that a term p,"Q," sin (nt—a) now becomes

(70) P,"Q," sin (nty—a+n—1v).

Thus the phase of the magnetic variation of the same period (n = r) as the
atmospheric oscillation remains invariable, while the phases of other components
increase or decrease by whole multiples of 2= during the lunar month. This is what
is actually observed in the lunar magnetic variation, and the data of Part IIL have
been obtained by allowing for this. It will be noticed, however, that the components
for which n is negative vary very rapidly in phase (by 2(#+7)= per lunar month,
7' denoting the numerical value of #). These terms are included in the solar diurnal
magnetic variation (where their phase is constant), but not in the lunar diurnal

magnetic variation as here computed.

§28. The Relative Amplitudes of the Magnetic Variations.

The theoretical results of §22 will now be applied to the discussion of the relative
amplitudes of the magnetic variations, leaving the absolute amplitudes and phases
to be considered later.

In the case of the lunar diurnal magnetic variation, the nature of the monthly
changes of phase for the different periodic components indicates that the fundamental
atmospheric oscillation here concerned is semi-diurnal. The type is not known (§ 20),
but our assumption of the form Q,? is perhaps not far from the truth.

According to the theory of § 22, the presence of components of other periods (with
varying phases) indicates that the electrical conductivity of the atmosphere is not
uniform and constant throughout the (solar) day. We will first consider what
evidence is afforded, concerning the nature of the daily variation of conductivity, by
the relative amplitudes of the harmonics of different periods.

The simplest law of variation for the latter is given by

(71) ’ 1+, cosw.
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The amplitudes of the magnetic variations Q," produced by an atmospheric
oscillation Q% corresponding to this law of variation of conductivity, are proportional
to the values of {m+1)/(2m+1)} p,”, where p," is obtainable from Table O by
writing @, = 0. For the present we shall consider only the “annual” harmonics
Q.1 at the equinoxes, so that we shall also write ¢ = 0. Since the atmospheric
conductivity cannot be negative, o, cannot exceed unity. Table O shows that the
subsidiary (z.e., non-semi-diurnal) harmonics are greater the greater the value of «,.
If we take @, = 1, the theoretical amplitudes are found to have the following relative
values, £ being an undetermined constant; the observed equinoctial amplitudes in
the lunar diurnal magnetic variation are added for comparison (¢f. Table J); the
ratios of the two sets of numbers are also given, assuming % to be such that the
ratio for Q.2 is unity :—

<

TasLe P.
| Q" Qs Q4 | Q% ‘
| ¢ i
| Theoretical relative amplitudes . . 15-8k 73k 041k © —0°-00019%
; Observed amplitudes .. . . . . 205 55 043 : 0-022 ‘
CRatio . . . ... oL oL 068 100 071 -0°007 |
f : s

The law (71) would clearly account for a considerable proportion of the harmonics
Q,' and Q. but wholly fails in the case of the fourth harmonic Q!, both as regards
magnitude and sign. This comparison shows, however, that the daily variation of
electrical conductivity is at least as great as that indicated by the formula 1+ cos w,
since if' @, were less than unity the amplitudes of Q! and Q. would be still smaller
in comparison with Q,”; also it shows that the sign of @, must be positive, ¢.c., that
the conductivity must be great by day and small by night, since the observed phases
of Q' and Q2 are the same as that of Q2 If @, were negative, their theoretical
phases would be opposite to that of Q2

A more pronounced variation of the atmospheric conductivity can be represented
by the law

(72) | 1+, cos o+ a, cos® w.

In my first paper on the lunar diurnal magnetic variation I considered the following
special case of this law™

(78) - 1+3cosw+fcos®o = (1+§cosw),

which is never negative, and gives a much greater ratio of day to night conductivity
than does (71). With the aid of Table O the following values of the relative

. * ¢Phil. Trans.,’ A, vol. 213.  On p. 304 a graph of this expression is given,
VOI. COXVIIL—A, I
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theoretical equinoctial amplitudes of the magnetic variations are obtained.* 'The
ratios of these to the observed values of Table J are also given.

TaBLE Q.

T Y Q.
Theoretical relative amplitudes . . 253k | 65k | 0" 65k 0-021%k i
Calculated 1:0 | 1-0 1:3 0-8 |
”“‘—'———Observed . . . . . . . . . k l 3 :[
|

The relative amplitudes of all four components now show very fair agreement.
Clearly (72) is a great improvement on (71) as a representation of the law of
variation of the electrical conductivity. Probably the true law is more complicated
than (72), but we shall not trouble to seek for a closer approximation. The
point gained is that, by taking a law which gives a general representation of the
variation known to be probable on other physical grounds, we have been able to
explain the presence and order of magnitude of magnetic variations of periods other
than that of the primary atmospheric semi-diurnal oscillation.

The calculated amplitudes of the variations arising from p,™', p,% and so on,
comparable with those in Table Q, are found to be

Qa1 Qs7% Q% Q%
(74) —4'4 08 0 0

In the case of the lunar diurnal magnetic variations, however, these change their
phases with great rapidity, and are not included in the “observed ” amplitudes given
in Table J.

We may proceed further to examine the seasonal changes in the relative
amplitudes of the various components. The numbers in Table Q relate to the
equinoctial variations, and are obtained by taking & to be zero in Table O. During
the solstitial quarters, however, J is approximately 20 degrees. If this value is
substituted, the following numbers, corresponding to those in Table Q, are

obtained :—

Q. Qs Q4. Qs
(75) 24°0 65 061 0018

* The numbers given are 60 {(m + 1)/(2m + 1)} p,,» (R/r)™, the factor 60 being inserted for convenience.
The factor (R/r)" allows for the fact that the magnetic variations are produced at some considerable height
above the surface regions where observations are made ; R/r is taken as 098 (¢f. §§ 21, 22).

Formulee resembling those of Table O were given in my first memoir, but only carried as far as ¢,* and
@y ; in this paper some small corrections are made, and a further approximation is made by including the
terms a®, @149, 1%, @129, and .2, 'With the above values of @; and as the results seem to show satisfactory

numerical convergence.
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From Table J it appears that the amplitudes of' the three components Q. Q. Qs
are smaller at the solstices than at the equinoxes, while Q,' is approximately constant.
If the lunar diurnal atmospheric oscillation resembles the corresponding solar diurnal
variation, the amplitude is greater at the equinoxes than at the solstices; this
probably explains most of the variation in Q,; our calculation just made would
appear to indicate that, so far as the electrical conductivity is concerned, Q,? is
constant throughout the year. Besides the variation in the amplitude of the
atmospheric motion Q% which should affect equally all the magnetic variations Q,*
to Q' it would appear that the non-semi-diurnal components should be further
reduced at the solstices, because of the conductivity effect. Here the theory and
observation are only in very rough agreement, since Q' shows a relative increase at
the solstices, while the observed decreases of Q2 and Q;* are much more than the
theory would predict.

Similar discrepancies are met with when we examine the ““ seasonal” magnetic
.. These are represented in Table O by the terms involving odd
powers of sin d, which vanish at the equinoxes and change sign between summer and

components

winter. The following values of their relative amplitudes are calculated in the same
way as the numbers in Table Q :—

Gt QL Q. Q% Qs®. Qa3 Qb Qs
(76) - —4'2 —~24°3 47 0 0°46 0 00012 0

The remarvkable feature here is the excess of Q"' over Q,'. The amplitude in
Table J is that of Q,'. In any case, however, the above numbers, which should
roughly agree with those given in Table J for the solstitial inequality (since the
numbers in Table () are approximately equal to the equinoctial data), are much
smaller than the observed values. .

Before considering this point further, we shall turn to the solar diurnal magnetic
variation data of Table F. In this case we have no such certain means as before of
determining the period or periods of the atmospheric oscillations to which the
magnetic variations are due. We may notice, however, the similarity of phase (e,”)
between the four solar harmonics Q, 41 in Table F, which is at least as close as
that shown in the lunar Table J. So far as this goes, there is a strong suggestion
that the solar diurnal magnetic variations also arise from a single atmospheric
oscillation.

For comparison of the amplitudes of the lunar and solar magnetic variations
reference will be made to either the potentials derived from the horizontal force
variations above (Tables C, G) or to those of the external fields E," (Tables F, J).
The discussion in Part IV. has shown that the potentials from the vertical force
variations lead to fairly similar sub-divisions of A,”, B," between the external and
internal fields. ‘

’ 12
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From Table C the amplitudes C”,_, may be calculated for the solar diurnal
magnetic variation. The relative amplitudes are nearly the same in 1905 and 1902,
as the following table indicates :—

Tasre R.—Ratios of C",,; in 1905 and 1902.

| | | | |
, Gt ; Cs?. Ceé Cst. !
. ) I a H 1
Equinox . . . . . . 1-43 ‘ 1-31 1-25 | 135
Solstice . . . . . . 1-47 l 1-31 1-32 160 |
|
: ! |

The increased amplitudes all round, in years of sunspot maximum, naturally point
to a general increase in the electrical conductivity of the atmosphere, with little
or no change in its functional dependence on the sun’s zenith distance.

The lunar magnetic data refer to the quieter years of a solar cycle, and may be
compared with the solar data for a mean of 1905 and 1902, giving double weight
to the latter year. The comparison leads to the following results (the tenfold unit
in Table F, as contrasted with Table J, should be remembered) :—

TaBrLe S.—Ratios of Solar and Lunar E~, ..

| | |

| i

| Gyl Ce, ‘ . | Ci.
Equinox . . . . . . 21-8 | 104 ‘ 10-0 3 76 :
Solstice . . . . . . 185 " 102 10-0 73 |

| i L 1

The ratios for the last three harmonics are in moderate agreement, especially in
view of the considerable seasonal variations in the amplitudes of the third and fourth
harmonics. If the ratios for the first harmonic had also been about 10, little doubt
could remain that all four are produced by a single semi-diurnal atmospheric
oscillation, roughly of type Q) as in the case of the lunar diurnal magnetic
variations.

Even as it is, the fact that the harmonic Q,* will appear with Q,' in the solar, but
not in the lunar data, leaves a possibility of explaining the above figures without
introducing a further atmospheric oscillation into the theory. The agreement of
phase, and the apparently more fundamental character of the 12-hour oscillation as
compared with that of the 24-hour period (at the earth’s surface) favour this solution.

It is worth while, however, to examine the magnetic effects of a 24-hour atmo-
spheric oscillation. Considering the amplitudes of the magnetic components, on the
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same relative scale as the results in Table Q, for 12-hour and 24-hour atmospheric
movements of the same equatorial amplitudes, the following values are obtained

(¢f. Table L, p. 299, ‘ Phil. Trans.,” A 218) :—

Qat. Qs?. Q4. Qs".
12-hour wave . . . 25 6'5 0'65 0'021
(77)
24-hour wave . . . 23 =38 024 0

The ratios in Table S might be reproduced more closely if a 24-hour atmospheric
wave of about one-third the amplitude of, and in phase with, the 12-hour wave
is supposed present in the solar diurnal variations..

The seasonal changes in the amplitudes of the annual harmonics in the solar
diurnal magnetic variations are similar to those in the lunar variations. The diminu-
tion at the solstices is partly explicable by the similar decrease in the semi-diurnal
barometric variation (§ 19), which in each case takes place without appreciable
change of phase. The further reductions in the higher magnetic harmonics, at the
solstices, is to be referred to the effect of the dependence of conductivity on the solar
zenith distance o, though the law (73) has been seen to be insufficient to account
altogether for the observed changes. The necessary modification of (73) would seem
to be in the direction of a more rapid diminution of p (the conductivity) as » increases
from 0 degree to 90 degrees. This is probable on other grounds (§21), but the
theoretical discussion of its consequences would be a very laborious task.

The same modification would also increase the theoretical values of the seasonal
harmonics Q,”, which for the lunar diurnal magnetic variations were found to be
three or four times too small, relatively to the annual harmonics, when compared
with the observed data. But a more serious difficulty arises here. If we examine
the solar diurnal seasonal harmonics it is found that they are in fair agreement with
the theoretical values from (73), except in regard to phase. The seasonal harmonics
in the lunar variation arve, in fact, nearly thrice as great compared with the annual
harmonics as in the solar variation. This is immediately evident in the initial data
of this paper (¢f: Tables IIL. (a) and IlL (y) with VI (¢) and VL (d)), and the

following ratios of the solar and lunar seasonal harmonics E," show the same thing :—

E\ E2  Egf Es
7°6 34 41 (14°7)

These numbers are comparable with those of Table S; the same preponderance in
the ratio for the diurnal harmonic is seen here, but the first three of these ratios are
less than half as great as those for B, ..

It we suppose the electrical conductivity such that the seasonal harmonics due
to an atmospheric oscillation Q. have the relative magnitudes shown in the lunar
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diurnal magnetic variations, the defect in the solar variations would seem to require
us to assume some counter-balancing seasonal magnetic harmonics in the latter, due
to atmospheric oscillations of type other than Q.. These can hardly be present in
the lunar diurnal atmospheric movements, though no observational evidence is
available. As regards the solar diurnal motions, the semi-diurnal barometric oscilla-
tion is strikingly symmetrical about the equator throughout the whole year. The
24-hour surface variation, though less definite and well-determined, also seems free
from unsymmetrical components of type such as Q,'. The symmetrical oscillation Q',
which has been suggested as a co-factor with Q,* in the production of the annual
magnetic harmonics, would also contribute seasonal harmonics. The amplitudes of
the first two of these, comparable with (76) as are the two sets of numbers in (77),

are approximately as follows :—

Q. Q2%
18 3

The first of these would tend to neutralize the corresponding harmonic due to Q%
while in the second case there would be re-inforcement. The question of the exact
origin of the seasonal variations must remain unsolved for the present, both their
amplitudes and their phases (in view of the negative signs prefixed before the
theoretical values of Q') being difficult to explain. But as regards the presence of
a 24-hour oscillation in the upper atmosphere, the calculations of §26 indicate that
there are possibilities of its local production by heating effects in the conducting
layer, even if' the surface variation of the same period does not persist into the upper

atmosphere.

§ 24. The Absolute Values of the Amplitudes and of the Electrical Conductyvity wn
the Upper Atmosphere.

We have provisionally concluded that both the solar and lunar diurnal magnetic
variations are, in the main, due to semi-diurnal atmospheric oscillations, roughly of
type Q% in conjunction with a variable electrical conductivity which may be approxi-
mately represented by the formula (73). We will therefore now confine ourselves to
the principal magnetic harmonics, Qg% in discussing the absolute magnitudes of the
several variables involved in the theory.

It is clear that if, as we suppose, the solar and lunar magnetic variations are
similarly produced, the ratio of the amplitudes of Q,? in the two cases will be equal
to the ratio of the amplitudes of the corresponding semi-diurnal atmospheric
oscillations. The former ratio was found in § 28 to be about 10. This is smaller
than the ratio of the solar and lunar semi-diurnal barometric variations which, at
Batavia for instance, is (1°00/0°063), or approximately, 16. It has already been
noted, however, that (writing dp for the pressure variation at a height where the
pressure is p) dpfp diminishes somewhat with height (§ 19); Haxy has explained
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such changes as due to the temperature variations in the lower regions of the
atmosphere.  As regards the lunar day, regular temperature variations should be
almost or quite non-existent, and Jpfp should not alter with height. The relative
decrease of the solar as compared with the lunar semi-diurnal atmospheric oscillation,
from a ratio of 16 to one of about 10, may possibly be explained in this way.

In order to obtain a numerical estimate of the electrical conductivity of the region
in which the magnetic variations are produced, we will determine the constant K in
the formula (40) by a comparison of the lunar diurnal atmospheric velocity potential
(88) with the observed magnetic variation. Considering the equinoctial “‘annual”
harmonic Qg from Table J, we find the amplitude (¢f. 17) in C.G.S. units to be

(78) 55.107" R.

The theoretical value (§ 28) is

m+1 (R\"r, 2
(79) tr 2L (7_) K CKp;

(where m = 8), and, paying no attention to signs for the present,
(80) 0=% K7 =3824R.0010.
Substituting these values in (79), and equating the result to (78), we find that
(81) K=192.10"°
Hence, approximately,
(82) pe = 2.107°(1+3 cos w+% cos? w).

At points directly beneath the sun (» = 0) the value of pe thus given is 12.10-¢,
This calculation applies to years of low solar activity. At times of solar maximum
(¢f. Table R, p. 60) pe would rise to 17 .107% or 20.10=%. Moreover, as we shall
see when we come to take self-induction into account (§ 26), all these values must be
increased by 30 or 40 per cent., and the probable maximum value of pe which has to
be explained in any theory of the conducting layer must be, approximately,

(83) 25. 10",

SCHUSTER'S approximate determination of pe was 8.107%% The larger value here
obtained accentuates the difficulties in the explanation of the conducting layer which
have been mentioned in § 21; but there seems no reason to suppose that they
are insuperable.

* SCHUSTER, ¢ Phil. Trans.,” A, vol. 208, p. 181.
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§ 25. The Heating Effects of the Upper Air Currents.

In his second memoir (p. 185) ScHUsTER remarked that a further consequence of
the theory outlined for the magnetic variations would be the production of a sensible
heating effect by the electric currents circulating in the low pressure conducting
layer. This, it was suggested, might assist in the explanation of the isothermal
layer of the atmosphere. The primary cause of the approximate constaney of
temperature in the stratosphere is now well understood, and the suggested heating
effect can have only a secondary influence on. the phenomenon. Ior other reasons,
however, it seems desirable to examine numerically this thermal consequence of the
theory. The results prove to be of some. interest, and may explain part of the
difference between the solar and lunar diurnal magnetic variations.

If' the conductivity of the upper atmosphere is small during the night hours, the
electric currents in question will flow entirely or mainly in the sunlit hemisphere.
The heating effect is proportional to the square of the current, so that all the
harmonies in the current function, whatever their period, contribute to the heating
of this one hemisphere. As the earth revolves, the temperature of a given portion
of the conducting layer will begin to increase at sunrise, and the increase will
continue till the time of sunset. During the night hours cooling, mainly by
radiation, must take place in order that the average state may remain steady. The
conducting layer will thus suffer a diurnal change of temperature in which the
24-hour term is of much greater magnitude than any sub-component. This
variation, moreover, is purely solar diurnal, including even the part due to the
currents which produce the lunar diurnal magnetic variations. The temperature
variation will be confined mainly to the conducting layer so far as conduction and
convection are concerned (the kinematic viscosity will be very high in regions of
such low pressure). A corresponding variation of pressure and of motion, not confined
to the conducting layer, will result, and this may possibly account for the diurnal
oscillation suggested by the magnetic variations. The phase should be constant
throughout the year, though the amplitude would be expected to show a seasonal
change. The most important question regarding these effects is that of their
absolute magnitude, however, and we proceed to a rough numerical calculation with
this in view.

For simplicity the solar diurnal magnetic variations will alone be considered,
though the lunar variations will slightly increase the heating effect, to a degree
depending very little on lunar phase.

The principal terms in the solar diurnal magnetic variation potential at the
equinoxes (mean of 1905 and 1902) are as follows (¢f. Table F) :—

(84) 10°. % = —38Q," cos (£ +83°) = 5°0Q,? cos (2 +26°)—0°39Q, cos (8¢ +40°).
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Only the external variation field is considered here, of course. The corresponding
terms in the current function IR are consequently (c¢f. 68) given by

6
(85) 4WRIO B = 63Q," cos (£+38°)+87Q,? cos (2t +26°)+070Q,* cos (3t +40°)
= 189 sin 6 cos 6 cos (t+33)+ 130 sin’ @ cos 6 cos (2 +26°)

+74 sin® @ cos 6 cos (3¢ +40°)
neglecting the factors (R/r)”, for simplicity.
The energy expended per second in overcoming the resistance to current flow, in
the conducting layer of thickness e, as given by

(86) v”/;]é {<1§%6>2+ <R s?nii E}>\>2} 1sin 0.6 dx.

A

In order to avoid excessive calculation, several approximations will be made. The
current function (85) is such that the currents in the dark hemisphere are small, the
various harmonics largely neutralizing one another there, and reinforcing one another
in the sun-lit hemisphere. We shall imagine the three terms of (85) combined into
one, however, which we shall suppose confined to one hemisphere. Since the sum of
their squares is less than the square of their sum, we shall represent R, for this
purpose, by the approximation ‘

20012
47 . 10°

(87) sin® 6 cos 0 cos 2¢.
Also instead of the variable factor 1/pe we shall use the constant approximation
1/(pe),,, where (pe),, is an average value of (82) over the daylight hemisphere. The
adopted value of (pe), will be* 8.107% or, allowing for the correction due to self-
induction, approximately 10"

When these values are substituted in (86), and the integration is taken over one
hemisphere, the total expenditure of energy per second is found to be

/

- <__2_09l-’1jj" R
“\dr.10% 107"

e

(88) | 3
or, in watbts,

(89) BET

10-7< 2005_,_,)2
10-°\dr. 10°/°

The mean value over this hemisphere, per unit area, expressed in gramme-water-
centigrade units, is consequently

1 161077 < 200K

(90) L1835 10\ 4. 10°

)‘: 27 . 1071,

* (f. the table of values of 1+ 3 cos o+ cos? » on p. 303, * Phil. Trans.,” A, vol. 213,

VOL. CCXVIIL.—A. K
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As the heating of any volume element proceeds continuously for twelve hours, the
total thermal energy communicated during the daylight hours (and lost during the

night time) is
(91) 27.107%, 43,200 = 1'2. 10~%,

This refers to one square centimetre of the conducting layer of thickness e, and it
may be noticed that the calculation is independent of e and of the situation of
the layer.

The pressure variation produced by this temperature change is much more
uncertain, since the heating effect depends greatly on the density of the atmosphere
of the conducting layer; also the variation of pressure will be less than that
calculated from the equation opfp = T[T, on account of the yielding of the adjacent
atmospheric layers. If we suppose that the conducting layer lies between 90 and
140 km. above the earth’s surface, its mass per square centimetre column is

(92) 760.2.10°%.13'6 gm.,

- 13'6 being the density of mercury, and the difference of the pressures at top and
bottom being approximately 2. 10~ atmosphere. The specific heat of air at the
temperature of the atmosphere is about 024 (at constant pressure), while that of
hydrogen is about 3'4. For the purpose of an-approximate calculation we may take
the specific heat as unity. In this case the total rise of temperature which would be
produced by the amount of heat (91), in the above mass of gas, provided there were

no loss, would be
6.10°¢

in degrees centigrade. Hence dp/p, which must be less than 0T/T, cannot be
so great as 3.107% This is negligible compared with the estimated amplitude
of the pressure variation due to the atmospheric oscillation Q. which in the
upper air is approximately 1/760 or 1'3.10-% (assuming a surface amplitude of two
millimetres of mercury, and a reduction in dpfp of about one-half, in the conducting
layer, §24).

In order that the pressure variation due to the electric heating of the conducting
layer might be comparable with that due to the main atmospheric oscillation Q.2
the pressure of the region in which the conducting layer is situated would have to be
of the order 107 atmosphere. Assuming the existence of the hydrogen layers
mentioned in §21, this pressure would be attained only at a height of more than
800 km. The pressure is of the order required for the ionisation of the conducting
layer by ultra-violet radiation, according to SWANN’s calculation ; but it seems more
probable that the conducting layer is at a lower level,
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§ 26. Discussion of the Phases of the Magnetic Variations.

The explanation of the phases of the magnetic variations is, perhaps, the most
difficult part of the present problem. The data to be reconciled are as follows. The
various annual harmonics in the solar and lunar diurnal magnetic variations are
approximately in agreement amongst themselves, the time factors being approxi-
mately as below, in the two cases

(98) (Solar) - — cos (nt+25°),

(99) (Lunar) — cos (nt+78°).

Neglecting self-induction and the small terms p,~ (§ 22), the theory of § 22
indicates that the velocity potentials of the atmospheric oscillations responsible for
these magnetic variations should have the same phase, the negative sign in (68) and
the negative sign of C (¢f. 47, 51, 68) neutralizing one another.

If the simple relation (81) holds good between the pressure variation and atmo-
spheric velocity potential, the time factors in the pressure variations corresponding to

(98) and (99) should be

(100) (Solar) sin (2t—155°),

(101) (Lunar) sin (2¢—102°).

The factor # is here written as 2, since the fundamental pressure changes appear
to be semi-diurnal.

The observed pressure variations at the earth’s surface (§§ (9, 20) have the time
factors

(102) (Solar) sin (2¢+154°) = sin (2t—206°),

(108) (Lunar) sin (2¢+ 65°) = sin (26—295°).

There is consequently no kind of agreement between the observed and calculated
pressure variations in the lunar diurnal case. In the solar case the two variations
agree better, but it must be remembered that the observed phase diminishes with
height to a considerable extent (90 degrees or possibly more—cf. (91)), so that the
agreement, between (100) and (102) would not hold good if the latter had represented
the pressure variation as it is supposed to exist in the upper atmosphere, viz.,
approximately

(104) (Solar) sin (2¢—296°).
K 2
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The correction to the calculated magnetic variations produced by a given atmo-
spheric motion, due to self-induction, may be considered at this stage. In place of a
ume factor cos(nt+e,), as given by the method of § 22, the factor cos (nt+e,—e,")
must be used, where*

27 47arpe
86,400 2m+1

-

(105) tane,” =

m being the degree of the harmonic with which the time factor is associated. If we
take 5.107° as a mean value of pe throughout the day and nlght the following
values of e, are yielded by the formula (105).

(106)
el = 44° e’ = 49°, e’ = 51°, et = 52°

{ e =30°,  e?=40° e’ = 44°, et = 47°

These figures are only rough, since the non-uniform conductivity may considerably
affect the theoretical formula (105). It may be noticed that the lag of phase, owing
to self-induction, increases with the frequency of the harmonie, so that self-induction
cannot explain the apparent ¢ncrease of phase with frequency which is observed in
the solar diurnal magnetic variation (Table F).

Self-induction will also diminish the amplitudes of the magnetic variations by a
factor cose,”. This will not greatly affect the relative magnitudes of the various
magnetic harmonics, but it will affect our estimate of the magnitude of pe in § 24,
and of the heating effects in § 25. The calculated value of pe would appear to be
increased on this account by 30 or 40 per cent., and this, again, would slightly
increase the above values of e.

Taking into account the above phase changes due to self-induction, the calculated
time factors in the pressure variations are modified as follows :—

(107) (Solar) sin (26—115°),
(108) (Lunar) sin (2t~— 62°).

When these are compared with (1 04) and ( 103) the ““ calculated —observed ” phase
differences are found to be

(109) (Solar)  +181°, (Lunar)  +238°.

These values almost suggest that a mistake in sign has crept into the calculation
of the magnetic from the pressure variations, but the signs have been carefully

* Of. MAXwELL’s ¢ Electricity and Magnetism,” 1I., § 672, or SCHUSTER, ‘Phil. Trans.,” A, vol. 208,
p. 172.
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examined without detection of error, and they also agree with those in SCHUSTER'S
investigation. We must conclude that the connection between the pressure and
magnetic variations is decidedly less simple than our theory has so far assumed.

One way 1n which this can easily be demonstrated may be indicated. If the phase
of the solar diurnal pressure variation diminishes with height through 90 degrees, its
phase will agree with that of the lunar diurnal barometric variation at the earth’s
surface. The former change of phase is partly due to the solar semi-diurnal
temperature variation in the successive layers of air, and this portion of the change
will presumably have no counterpart in the lunar barometric variation. The
remalining part, if any, may be ascribed to friction, and this may also affect the lunar
variation to a similar extent. On this hypothesis, the solar semi-diurnal oscillation
of the atmosphere should be ahead of its lunar counterpart, while the corresponding
magnetic variation lags behind the lunar magnetic variation by about 43 degrees.
It would appear, therefore, that the solar pressure variation must diminish in phase,
relatively to the lunar variation, by (154°—65)+43°, .., through 128 degrees
approximately. Part of this may be ascribed to temperature, but if any considerable
portion is due to friction the lunar variation must be likewise affected to some extent,
so that the balance of the above 128 degrees, after the ‘‘ temperature” portion of it
18 subtracted, must be a differential friction effect. Therefore either the diminution
of phase due to temperature or that due to pressure, or both, must be larger than is
generally imagined. It may be noted that the frictional effects usually referred to in
this connection are those due to skin friction along the earth’s surface, or the eddy
friction which has recently been brought into prominence by Major G. I. TAYLOR.*
True viscosity is generally regarded as so small as to be negligible, but this will
hardly be the case in regions where the density is extremely small.

The lunar diurnal pressure variation can hardly be other than of tidal origin. The
difference of its observed phase from that which the equilibrium theory of the tides
would predict (sin (2¢+90°) instead of the observed sin (2¢+65°)) may, perhaps, be
attributed to friction in the lower strata of the atmosphere. If the phase diminishes
upwards to the value (108), the total actual retardation will be 127 degrees, or,
measured from the theoretical tidal value, 152 degrees. It would be interesting to
know whether there is any possibility of accounting for such large changes of phase
by skin friction and viscosity. If not, there may be some hope of an explanation by
a modification of the equation (31) connecting the pressure variation with the
atmospheric motion.

Until the phases of the annual harmonics in the magnetic variations are explained,
those of the seasonal harmonics are not likely to be accounted for, and they will
therefore not be discussed here.

* “Eddy Motion in the Atmosphere,” G. I. TAYLOR, ¢ Phil. Trans.,” A, vol. 215, p. 1 (1915). Cf. also
‘ Roy. Soc. Proc.,” A, vol. 92, p. 196 (1916).
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§ 27. The Residual Variations, and the Terms not Dependent Solely on
Local Time.

Our discussion of the magnetic variations has so far related entirely to the simple
analytical representation of the observed data which has been described in §§ 10, 183.
In this representation the only terms considered were those dependent on local time.
It remains, therefore, to discuss the residuals in Tables III. and VI., and to examine
how far they are to be attributed to the presence of variations not depending solely
on local time (¢f. § 22).

In order to abbreviate this investigation, certain general features exhibited by the
residuals will be described without setting out the detailed figures. In the first
place, the mean residuals for any of the nine groups of observatories are generally
similar for the years 1905 and 1902, and, in the case of the “annual” residuals in
Tables III. () and III. (B), for the equinoxes and solstices. They are, however,
greater for 1905 than for 1902, and greater at the equinoxes than at the solstices.
If all the nine group mean residuals from any Table are combined numerically
(counting all signs positive), the ratio of the 1905 and 1902 sums, or of the
equinoctial and solstitial sums, can readily be determined. The former ratio is
rather less than those of Table R, being approximately 1°2, for the “annual”
residuals. The increase, such as it is, confirms the view that the residuals are a real
part of the phenomenon, and do not merely represent accidental errors of
observations.

The ratio of the equinoctial to the solstitial “annual” residuals is greater, being
about 1°4. This is shown in the case of all three magnetic elements, and all four
periodic components, the separate mean ratios for these (n = 1, 2, 8, 4) being 14, 1°2,
1'5 and 1'6. These increases roughly correspond to those shown by the Q",,,
harmonics already discussed.

The group-mean residuals, in the mean of equinox and solstice and of 1905 and
1902, taken from Tables IIL. («) and (B8), are collected in Table T. The “ seasonal ”
residuals from Tables ITL. (y) and (J) will not be considered. :

The largest residuals in Table T occur in the column relating to the 24-hour
component variation of North force. The corresponding residuals for the West force
are small and may well represent merely local pecilliarities at the various observatories.
If the variations indicated by the North force residuals have a potential of simple
form, this must be of type Q,° since this is the only type which yields North force
terms without contribﬁting also to the West force variations. In §22 it was shown
that the inclination of the magnet to the geographical axis of the earth could give
rise in the current function to the variation

(110) - 6K,*CK tan ¢ . 7,°Q,° sin (¢ —\,—a)
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TaBrE T.—Mean Residuals, 4 (Spring + Autumn) and % (Summer + Winter) combined,

for the Two Years 1905 and 1902 taken together.

~ West. ! North. Radial.
a. E b. | a. b a. b.
§
24-hour Component.
- 4 -19 - 18 6 —42 — 28
1 - 17 - 62 -1 - 24 1
17 - 2 — 42 1 -7 8
6 11 -102 - 42 -25 -11
- 18 12 ~ 52 56 16 10
- 6 12 27 21 28 2
8 - 36 8 -12 - b7 11
- 2 - 17 - 10 ; 15 - 56 - 20
14 36 ~ 16 ; =22
12-hour Component.
-5 -5 11 — 4 ~ 2 6
- 6 - 11 - 4 - 8 3 3
3 - 4 - 20 5 1 3
15 2 - 36 42 - 4 - 8
0 0 - 2 52 2 11
12 -7 5 12 6 -21
11 39 ~ 99 3 14 ~14
20 - 24 - 32 =10 24 -3
18 | 21 16 ~16 |
8-hour Component.
1 | 1 2 2 1 2
1 2 2 6 4 4
10 -1 17 14 4 i 4
9 _ 9 0 24 - 9 0
_ 1 ~ 3 7 30 1 2
10 - 10 1 1 -1 - 15
6 | - 15 - .3 7 - 15 -9
16 - 20 26 - 14 24 4
17 - 14 - 16 4 |
6-hour Component.
-1 4 ; 1 0 4 3
0 | 4 2 2 3 2
4 i 1 9 6 2 1
0 -7 | 7 5 - 2 -~ 1
0 -6 ; 7 6 -1 1
0 z -9 [ - 2 0 - 4 -5
-1 | -5 9 9 =5 — 2
10 =T | 4 - 8 7 4
4 ‘ - 14 i - 8 4
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(among others), and this is of the above type. The chief coefficient »,"is .’ (¢f. (67)),
which is of the order —y5a,. The longitude A, is measured from the meridian 68°
West of Greenwich, while tan ¢ is approximately 0'2. Assigning to a, the value 8,
and to a and K,’CK the values 250 degrees and —33R . 107, deduced roughly from
the mean solar semi-diurnal harmonic Q% (110) becomes

(111) 10Q.° sin (¢—x,—250°) . 10~"R.

The corresponding term in'the magnetic variation is

—6Q, sin (¢—x,—250°). 10~"R.

The North force variation deducible from this is
—9 sin 20 {sin (\,+250°) cos t— cos (\,+250°) sin ¢},

the unit being 10-7 C.G.S. This is clearly far too small to account for the residuals
referred to above, and, moreover, it is found that the signs do not agree at all
consistently with those in the North force @, column of residuals. This is owing to
the factors sin (\,+250°) and cos (\,+250°), which vary considerably from group to
group for the observatories here dealt with. The same difficulty is met with in
regard to the 12-hour North force residuals; here also, moreover, the amplitude of
the “longitude” harmonic (in this case the principal one is 7'Q,* sin (26 —X,—a)) is too
small to explain the observed residuals.

It may be noted that the magnetic variations depending on longitude would
theoretically be smaller if, as suggested in § 23, the main oscillation responsible for
the magnetic variations be semi-diurnal, than on the hypothesis considered by
SCcHUSTER ; they are therefore less likely to serve as a check on the theory.

I have tried to represent the residuals of Table T by harmonics depending on the
time of some standard meridian, but with little success, and I am inclined to think
that they depend on local time so far as they are not merely irregularities peculiar to
particular observatories. The latter can hardly be the case with regard, at any rate,
to the 24-hour North force residuals; in other cases the position is much less clear.
These North force residuals seem to present a difficult problem, since they apparently
cannot be represented by any simple potential function. It may be recalled that the
amplitude of the semi-diurnal pressure variation seems to vary with latitude according
to the law sin® 6, instead of sin? @ (or Q,°) as we have supposed ; the true law could
only be represented by the introduction of other harmonics besides Q,’ into our
theoretical calculations. Another fact worth noting is that the South component
of the semi-diurnal variation of wind velocity (at St. Helena) is markedly larger than
that calculated from GorLp’s theory* of the wind, barometric and temperature
variations, while the East component seems to be in agreement with theory. Such

* Loc. cit. ante (§ 19).
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meridianal atmospheric motions would produce electromotive forces along circles of
latitude, which, again, would give rise to North force variations. It is possible that
the germ of a satisfactory account of the above residuals is to be found in these
tentative suggestions. Before developing them further, however, it would be
desirable to examine the magnetic data more closely. But in spite of the residuals of
Table T, and the points left unsettled in the previous discussion, the present analysis
has revealed some important and previously unsuspected regularities in the diurnal
magnetic variations, and I hope that others will thereby be encouraged to contribute
further to their elucidation.

[Note added December 9, 1918—In an interesting Dissertation (Utrecht, September 22, 1917:
‘K. Nederland. Met. Inst.,” De Bilt, No. 102 ; also, in abstract, in ‘K. Ak. van Wet.,” Amsterdam,
26, pp. 293-299, 1917), published since this paper was written, Miss VAN VLEUTEN has analyzed and
discussed the solar diurnal magnetic variations, in order to test the theory developed by Prof. SCHUSTER
in his two memoirs. The conclusions arrived at are (a) that « the forces causing the diurnal variation,
taken as a whole, do nof possess a potential, although it remains always possible to deduce part of these
forces from a potential,” and (b) that * the cause of the diurnhal variation certainly cannot be ascribed to
nothing else but a system of currents exterior to the earth and currents within the earth induced by the
former system.”

These conclusions appear to rest mainly on the non-correspondence of the observed North force
variations with those calculated from the simple potential representation of the West force variations
(¢f. §9). But their physical implication is that electric currents traversing the earth’s surface have an
important share in producing the diurnal magnetic variations. This seems extremely improbable, and,
instead of (2) and (b), the interpretation of the above fact of observation seems rather to be merely that
the diurnal variations are somewhat complicated, so that their potential cannot be represented exactly
by any simple combination of spherical harmonics. There are physical grounds for such a conclusion ; in
a paper recently communicated to the Cambridge Philosophical Society I have given reasons for
supposing that two distinct agencies and atmospheric layers are involved in the production of the diurnal
magnetic variations.

‘While the magnetic variation field does not give simple results on the application of spherical harmonic
analysis, the latter is still the only convenient means which mathematics affords for discussing the relation
between the external and internal current systems, and between the former and the atmospheric circulations
indicated by the barometer. I do not think that on these points the main results obtained in the present
paper are likely to be modified seriously upon further investigation, but that, especially when the parts
of the diurnal variations, due to the two agencies above mentioned, are separated and independently
treated, the theory will be confirmed and brought more closely into accordance with observation.]

VOL. COXVIIL.—A. ) L
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104 DR. S. CHAPMAN ON THE SOLAR AND LUNAR

Tasre IV. (1) (a).*—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,
Reduced to the Epoch of New Moon.

(1) Zi-Ka-Wei.

(¢) West Declination (in Force Units).

: | ! |
' " Lunar | | )
eason, phase ! ) 178 tty ba @'y b a'y by
_____ !
1 1 167 - 34 283 - 125 127 - 113 14 - 26
2 153 -43 287 2 117 - 30 2 - 3
3 1256 37 235 35 112 3 b -17 .
Summer J 5 4 93 - 18 179 - 9 114 - 31 35 -21
o 5 65 -30 209 - 18 97 - 44 4 - 12
6 181 55 270 - 17 116 - 32 11 - 4
7 86 - b 209 6 108 0 19 - 3
L 8 54 5 207 22 89 - 13 -21 3
Mean. . 116 | - 4 235 | - 13 110 | - 29 9 | -10
1 56 15 200 -~ 17 101 - 33 29 -37
2 40 16 197 - T 103 - 6 25 -1
3 48 15 143 - 34 61 - 38 13 - 16
Eaui I 4 22 29 113 - 4 98 - 11 24 - 28
quinox. . .3 157 37 165 | — 46 8 | - 5 25 -9
6 50 - 72 131 - 2 84 - 20 38 ~ 16
! 7 36 - 9 211 - 49 110 - 63 23 ~18
L 8 81 - 23 119 - 16 57 5 26 0
Mean. . 61 19 160 ~ 22 86 - 21 25 - 16
[ 1 21 -41 - 13 - 82 - 22 - 41 23 ~12
2, - 34 49 - 4 - 14 — 46 - 15 -~ 15 - 2
3 - 8 31 | -2 | -50 | - 19 | - 21 8 | -28
Winter J 4 - 21 - 16 - 38 - 39 - 40 - 21 - 18 -2
o 5 - 49 11 - 30 - 55 — 23 - 36 8 =17
6 44 - 6 22 - 103 - 16 - 5b - 4 - 22
7 - 16 - 41 20 - 54 - 19 - 27 10 10
| 8 56 | -94 65 | - 96 96 | - 44 | -17T | -36
Mean. .| - 1 -~ 51 0 - 62 - 20 - 32 -1 - 14

* For an explanation of Tables IV., V., and VL, ¢f. § 12. The unit of force in these three tables is
10-7 C.G.S.
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TasrLe IV. (1) (b).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,
Reduced to the Epoch of New Moon.

(1) Zi-Ka-Wei.

(b) Horizontal Force.

Season. ;ﬁ;:; 'y vy, . ba. '3 Vs, | Oy ol
1 40 33 112 | — 24 43 -6 -8 ~920 |
9 - 13 67 14 46 50 1 4 8
3 ~ 13 | - 20 38 | - 55 36 27 . —13 ~ 9
Summer 4 ~ 83 28 3 12 17 29 ~ 95 2%
SO 5 41 54 35 | — 31 6 ~18 -1 [
6 ~ 48 68 6 | - 34 30 36 -3 20
Lo 6 53 30 15 2 9 1 21
| 8 - 15 18 8 3 35 24 7 3
Mean. . — 11 38 21 - 8 22 13 - b 7
1 - 33 292 13 5 10 44 ~13 10
9 68 27 38 61 38 31 4 34
3 — 37 125 2 | - 9 18 23 12 18
Baui ) 4 42 4 9 . - 35 50 1 923 39
(umox-. . . 5 ~ 137 160 1 76 39 83 12 25
6 151 5 40 54 0 38 5 23
7 ~ 60 19 45 85 62 6 15 "
8 116 83 9 20 -24 3 -19 9
L 3 -
|
Mean. . - 26 39 12 27 24 29 0 19
e = — i
I 55 | - 38 108 | - 77 9% | -20 | - 2 25
2 — T4 |~ 89 15 | - 154 3 49 9 ~13
L3 45 | —123 110 | —175 37 ~98 12 9
Winter I 94 | - 182 119 | -139 40 52 23 -9
Iter . . .4 5 91 | — 64 82 | — 61 % -3 | -7 17
6 95 | - 9 85 | -100 68 19 44 4
7 158 | — 14 53 | - 56 26 6 -1 ~18
8 105 | - 13 74 | —101 1 ~ 32 3 16
Mean. . 71 | - 66 81 | —108 28 ~ 94 9 4
VOL. CCXVIIIL.—A. P
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Tasrr IV. (1) (¢).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,
Reduced to the Epoch of New Moon.

(1) Zi-Ka-Wei.

(¢) Vertical Force (Upwards).

I

Season. ! ;’E;S aer a'y. by | tte. be. ‘ a's. 's. a'y. by

S i B E——
1 41 | — 389 87 . - 15 ¢ —34 — 45 ~18 -9
2 15— 92 0 180 | - 29 12 - 62 13 -24
i 3 47 L -3 e - 1 14 -29 8 1
g L4 65 | - 58 | 112 36 2 - 35 15 - 92
wmmer . . .4\ g S12 | - o1 80 11 . -3 | 17| -4 6
6 41 | - 41 125 - 38 | 14 - 28 30 - 16
7 -5 20 s - 414 - 48 -8 ~17
8 1L =56 | 119 6 | -37 | .-26 -21 -3

| |

|
Mean . 26 | - 41 1ur - 4 -2 - 36 2 - 11

- — - ‘ ]‘ -

[ 1 14 23 98 . 28 ~5 -4 -6 3
2 58 30 94 5l -2 - 10 -7 -6
l 3 28 | - 12 19 31 -1 - 20 -12 - 17
Faui ) 4 - 65 108 110 - 34 34 1 -29 7
BAUMOX-. -y 5 32 | ~160 | 190 135 -1 ~170 38 10
6 65 42 1 141 | - 6 15 - 11 19 - 25
7 32 -2 1 99 11 -19 - 37 4 - 14
[ 8 19 | - 35 127 o 6 - 18 - 6 -1
Mean. . 23 | - 3 122 2 4 -21 0 - 2
1 ~59 | - 33 2 8 -2 | -6 | -8 | -1
2 -60 | - 68 43 - 23 7 - 34 23 - 10
3 52 | - 33 85 6 | 24 14 10 | —14
Wint 4 - 98 65 65 - 47 43 2 - 27 8
mter 5 20 | — 56 1330 32 12 | -10 16 | -13
6 51 | — 92 50 2 1 -10 -8 -5 1
7 ~39 | - 52 110 36 -3 -21 -4 | -6
8 -89 | - 8 114 64 28 4 20 | —34
Mean. .| -28 - 34 80 18 4 -1 0 -11
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Tasre IV. (2) (a).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,
Reduced to the Epoch of New Moon.

(@) West Declination (in Force Units).

(2) Manila.

I,lv ’ ’ ’ ’ ’ 7
Season. p}l:;:g a'y by . bs. a's. V', o'y Vg
( 1 92 —45 114 | -146 42 - 83 19 - 10
2 104 -1 145 | — 47 64 s ~11 8
3 127 36 162 9 100 0 -3 2
g 4 71 - 20 127 | - 17 93 -6 34 -12
ummer-. . .4 5 5 11 102 | — 30 59 - 58 -3 - 20
6 156 7 181 | — 65 75 - 61 -3 - 923
7 32 17 141 | - 3 80 - 20 16 17
3 36 19 133 | - 3 79 ~ 93 6 ~21
Mean 78 - 6 138 - 38 74 - 35 7 -7
( 1 82 17 128 | — 70 67 - 31 15 -9
2 13 40 128 | - 21 115 ~16 36 4
3 44 27 116 | - 32 68 — 43 18 — 929
. I 4 56 29 86 | — 28 66 - 38 23 - 35
Equinox. .4\ 5 77 37 88 | - 67 44 | 19 25 - 1
l 6 37 39 57 | — 34 47 ~ 14 29 ~15
7 17 -5 146 | - 53 85 — 67 20 ~11
L 8 94 14 84 | — b4 36 ~13 12 17
Mean 52 20 104 | — 45 66 ~ 30 21 ~13
1 17 ~74 | - 59 | — 90 | - 37 ~31 20 ~10
2 - 61 34 | - 83 — 43 | - 70 11 - 30 ~ 1
3 ~ 46 0 | —108 | — 92 | - 54 - 35 1 17
. 4 - 38 -53 | 120 | - 97 | - 75 — 48 ~ 26 ~13
Winter .. .41 5 43 | -76 | - 92 | -118 | — 73 | -52 | 171 | -5
6 ~ 60 -30 | -102 | -125 | — 53 ~ 63 -6 ~ a7
7 4 —924 | — B4 . — T4 | — 46 ~ 28 — 4 15
| 8 24 -39 | — 20  -134 | — 19 ~ 60 10 ~20
Mean. .| -25 ~33 - 80 | — 97 | — 53 — 41 -6 - 10

P 2
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TasLe IV, (2) (b).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,

- Reduced to the Epoch of New Moon.

(b) Horizontal Force.

Season.

! Summer . . .

' Equinox . . .

Winter

(2) Manila.

| | i
4 2 | ’ ’ | ;- / ’ | /
;111131::51' g @y. b 1. 3 (128 Z)g. 3 b 3 o 4 : b 4 |
| . N | ,
! o B | |
( 1~ 57 | -147 - 64— 64 ~76 - 4 2 0 32
2 -163 - 38 | - 32 - 30 - 10 - 36 11 0
L3 12 | - 24 - 39 | —122 - ~ 2 ~-14 1
| 4 6  — 15 | — 4 | — 48 9 ~ 97 ~30 6
15 —118 | - 77 | 128 | - 23 ~59 ~-12 9 22
| 6 146 | — B8 | 24 | ~ 70 - 20 - 8 0 -10
i1 B8 69— 42 | — 69 — 45 - 13 0 ~ 4
[ 8 79 | - 54 |~ 6 | - Bl 3 - 23 — 4 -1
‘Mean. . — 43 — 43 - 36 - 60 - 26 - 16 - 4 6
[ 1~ 14 | —146 | - b3 | — 66 ~ 34 0 -34 20
2 - 80 - 61 55 | — 56 6 —41 -12 11
3~ 23 98 | - 77T | - 5T - 8 ~ 25 2 1 25 |
I 4 | - 18 -~ 78 | - 50 | — 80 26 2 419
4 5  —128 33 | - 61 - 16 11 6 -10 - 4
] 96 19 27— 34 - 12 - 16 -22  —10
T 24 68  — 47 | — 63 0 - 61 -33  —-19 |
8 28 | —138 6 - 25 | 13 | -27 | —28 | - 9
| |
| ;
Mean. .| —~ 14 — 26 - 2b 50 | — 3 - 20 — 17 4
1 ~ 44 | —134 | — 46— 14 - 86 -21 ~ 46 11
2 183 | —117 | -~ B4 - 88 - 55 -4 ~11 7
3 17 | — 40 | — 19 177 ~ 32 - 30 -7 ~15
4 181 | —252 | — 30 162 - 24 — 47 — 4 ~19
5 — 17 14 - 4 135 5 - 52 - 29 — 14
6 ~161 | —138 | - 47 | 168 — 64 - 32 -10 13
7 73 | - 1 | - 74 | -163 ~26 ~ 46 ~32 - 16
8 53 | -126 | —187 | 164 ~ 92 - 38 - 25 -2
Mean. .| — 16 | —123 | — 51 | - 134 —48 - 34 - 20 - 4
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TaBLe IV. (2) (¢).-—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,

Reduced to the Epoch of New Moon.

- (2) Manila.

(¢) Vertical Force (Upwards).

|

IA 7 / ’ ! ’ : ta

Season. p}lll:;r @y Iy . by «'s. b s o I Vs
1 — 4 | - B8 ~38 | - 80 | — 26 ~33 1 -9
9 38 | — 64 71— 8T | — 3 — 41 0 10
3 63 | — B8 42 | - 79 10 ~36 4 4
4 19 | - 2 18 | — 94 37 -31 ~13 ~- 6
Summer . . . 4 5 9 | - 20 ~14 | - 47— of ~ 38 ~13 -3
6 -9 ~ 94 3 1 - 93 - 5 -~ 99 ~ 3 -1
7 5 | - 15 15 -7 9 — 43 9 -5
8 45 | — 68 98— 95 1 — 45 17 —- 4
Mean. . 20 — 47 8 - 81 0 — 37 - 4 -1
S 38 | — 42 11 | -123  — 9 70 ~12 -7
2 19 | - 13 19 | —112 . 35 74 14 — 93
3 50 | — 49 16 | —122 7 -0 3 ~11
Boud 4 34 | — 69 0 | — T4 — 19 — 62 -8 ~13
quInoX. . .- 5 — 2 | - 64 ~15 | —122 5 ~56 6 - 923
6 6 | — 75 10 | —100 10 ~52 11 ~13
7 20 | - 43 5 | - 69  — 2 ~55 0 ~19
| 8 19 | — 37 16 | — 79 4 ~ 32 . 9
Mean. . 19 | — 48 8 | —100 4 59 2 ~15
1 ~80 | - 41 ~80 | — 46 = — 49 ~ 14 3 - 6
2 ~55 | — 16 —93 | — 32 — 49 13 - 10 - 10
3 —44 | — 48 —62 | - 75 - 41 ~ 30 -~ 6 -7
. 4 66 12 ~63 | - 45 - 3 -7 19 1
Winter . . . 5 ~B8 | — 43 | 47 | - 85 | - 24 | —44 | — b | —15
6 -25 | - 58 74 | =109 | - 40 - 61 14 ~ 16
7 8 | — 922 99 | - 97 - 30 — 42 14 -
i 8 ~91 | —194 —5 | —112  — 50 v — 9 ~13
Mean —926 | — 42 ~65 | - 73 - 39 39 ~11 -9
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Tasre IV, (8) (a).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,
Reduced to the Epoch of New Moon.

(8) Batavia.

(@) West Declination (in Force Units).

Season. ;‘1;131?: a'q. Uy, (9. bq. ', V's. @y Vs

( 1 - 8 4 1 - 10 —94 | - 4 -2 8 0

2 10 -3 35 ~56 2 - 50 -9 -91

3 57 67 37 20 | - 13 7 -3 5

g 4 - 6 9 | 6 - 32 19 3 3 -3
wmmer:. .. 5 11 -4 45 0 2 17 - 6 -3
6 38 55 34 ~10 | - 2 -3 —94 ~15

7 -7 ~33 6 23 | - 12 4 -3 11

| 8 T 55 29 2 14 7 -9 ~15

Mean . . 9 18 23 ~15 1 ) -5 -5

( 1 4 -39 | — 42 —34 | — 28 - 3 -6 26

1 2 ~ 55 ~50 | - 153 -2 | - 37 -2 ~25 24

3 24 17 | — 20 9 | - 38 -9 ~ 28 1

Bauinox 4 4 ~ 98 51 | —102 38 | — 18 6 42 3
“ R 5 | - 26 | - 4 | — 48 32 | - 20 6 | -3l 25
l 6 ~ 41 —27 | — 9 ~13 | - 55 - 15 37 ~21

, 7 20 ~50 | — 45 -50 | - 14 - 30 ~17 14

L 8 - ~12 | - 21 —44 |~ 10 - 6 - 31 ~18

Mean . .| - 14 ~14 | — 66 -8 | - 28 -7 Y S

1 ~ 109 ~70 | —262 59 | —113 112 — a1 56

2 — 87 —~928 | —207 78 | - 32 123 ~ 8 37

3 119 ~52 | - 246 ~63 | —126 55 ~ 38 42

o 4 ~ 93 75 | - 9225 14 | - 82 37 ~31 44

Winter . . .4 5 | - 60 | —46 | —256 15 | —118 30 | - 4 33
6 ~ 88 —84 | —312 57 | —~172 61 | —170 46

7 T ~69 | —301 18 | —157 55 - 80 32

8 ~ 126 — 4 | —262 30 | —116 61 927 15

Mean ..| — 92 —54 | -259 | 26 | -114 67 ~35 | 38
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TasrE IV. (8) (b).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation,
Reduced to the Epoch of New Moon.

(8) Batavia.

(b) Horizontal Force.

L , o , , , ,
Season, pg;ﬁ a'y b'y. . be. o's. Vs, o'y b4
1 | - 19 | -~ 32 | - 66 | -.70 28 9 | _ ¢ 99
2 - 83 | —114 | — 54 | — 78 922 42 20 10
3 47 | =70 | — 20 | —108 9 —40 12 11
Summer ) 4 - B0 | — B4 7 | - 37 ~ 1 — 97 -7 -5
5 10 92 | —~ 71 | — 62 -3 2 14 18
6 38 | — 41 | — 64 | — 88 1 16 3 12
7 40 | — 28 | - 35 | — 87 14 3 21 -9
8 - 8 | - 68 | - 42 | - 64 9 ~18 ~91 11
Mean. .| — 3 - 39 — 43 — T4 4 -12 4 9
[ 1 47 | - 89 | — BT | — 49 ~ 99 — 24 ~ 29 6
2 30 8 | — 93 | - 64 ~10 -2 ~23 3
3 - 38 36 | - 82 32 ~ 29 12 —21 - 20
Equinox . . .3 4 - 103 22 |~ 42 | - 71 20 ~ 929 21 0
g 5 ~ 28 63 | — 47 | - 1 8 0 -1 -~ 8
6 96 | -108 | — 17 | - 87 -9 17 ~ 92 ~ 9
7 - 31 | - 64 1| - 66 17 37 11 1
| 8 ~102 | -137 | —154 | - 53 —42 -7 ~11 23
Mean. . |;— 167 — 34 | — 61 | — 45 | -8 | -13 | -9 0
( 1 ~ B9 | — 57T | — 64 | —128 - 32 — 27 12 -8
2 — 48 | - 2 | — 94 | -7 —94 ~928 14 14
3 59 | - 2 | — 87 | —118 - 31 ~ 39 5 -6
) 4 30 | — 18 | — 54 | —123 - 23 — 43 ~20 ~35
Winter . . .3 5 | - 1 30 - 90 | — 93 | —94 | — 4 | -11 | =20
6 136 | — 77 | —118 | -109 ~ 9 -3 14 97
7 78 | - 23 | - 88 | —123 ~ 92 -8 — 40 4
| 8 — 2 | - 25 | — 95 | —139 - 31 — 37 - 36 ~ 36
Mean 20 | - 22 | - 86 | —112 —a7 —38 ~15 14
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TasLr IV. (8) (¢).—Fourier Coefficients of the Lunar Diurnal Magnetic Variation
Reduced to the Epoch of New Moon.

DR. S. CHAPMAN ON THE SOLAR AND LUNAR

(8) Batavia.

(¢) Vertical Force (Upwards).

B

Heason. ;J}?ansz~ a'1 . /)/]_. 9. bg. 60’3 blga a'4 bl4.
1 - 6 - 36 - 12 25 - 3 0 - 12 5
2 -21 — 4 18 49 15 11 15 5
3 - 3 - 92 8 35 -1 - 13 - 3 -7
Summer 4 - 8 - 16 33 73 - 13 —- D 8 - b
C 5 -9 9 -21 34 - 4 7 7 6
6 - 13 —47 - 3 26 - 8 -1 5 - 2
7 18 - 12 14 43 7 -7 3 -1
8 - 21 - 20 - 3 23 8 ~ 8 7 1
Mean. .| - 8 ~ 19 4 38 0 - 2 4 0
1 44 — 24 34 18 6 - 6 - 12 -~ b
2 42 -11 19 -10 25 - 11 - 2 - 7
3 - 8 8 - 4 48 6 -7 9 ~11
o ¢ 8 G 10 19 1 8 3 6
AR . 5 38 2 3 33 -2 - 20 2 -8
6 16 41 27 23 20 4 16 9
7 7 7 32 22 17 8 i 0
8 16 53 14 58 0 T 21 6
Mean. .| 16 — 14 16 26 10 - b 4 - b
1 23 - 47 8 - 69 - 20 1) - 25 —15
2 - 16 -8 -31 —~ 40 — 34 — 45 ~ 17 -1
3 64 -21 33 - 19 - 13 31 -7 - 232
Winter _ 4 - 17 —31 10 —22 —11 - 97 - 12 - 17
o 5 12 22 22 - 19 18 - 8 - 8 10
6 —_ — 925 —18 ~ 17 7 - 37 8 - 37
7 49 - 42 18 - 21 7 ~ 38 - 5 -9
8 11 19 13 — 28 - 3 - 52 - 14 -~ 26
Mean. . 16 - 25 5 - 29 -7 - 37 - 10 - 17
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TapLe V.—Fourier Coefficients (in the Formula 3C,sin (nt+6,)) of the Lunar
Diurnal Magnetic Variation, Reduced to the Epoch of New Moon, at Pavlovsk,
Pola, Zi-Ka-Wei, Manila, and Batavia.

j Force 5

Observatory. component. (J]- 01. 02. 92. 03. 03. 04. 94.
Summer.
i West . . . 131 114 128 88 28 83 2 —
| Pavlovsk .< | North . . 61 20 105 4 62 355 26 291
| Radial . .| 36 145 13 203 11 282 1 —
o West . . . 113 124 161 78 80 86 4 269
Pola. . North . . 111 12 133 25 86 41 20 46
Radial . . 15 126 62 129 30 131 6- 126
West . . . 117 81 236 83 117 94 14 130
Zi-Ka-Wei North . . 42 328 14 112 23 » 40 10 316
Radial . . 50 138 111 82 37 173 12 159
! West . . . 80 85 144 97 84 107 11 128
{ Manila . .< | North .. 61 216 69 201 30 228 7 318
i Radial . . 52 149 82 166 38 172 4 248
| West . . . 20 18 27 117 2 99 8 219
| Batavia . .< | North . . 40 177 86 203 13 153 11 19
: Radial . . 10 195 38 359 2 174 4 84
- Equinox.

West . . . 79 116 82 84 13 96 15 115
Pavlovsk North . . 42 345 48 359 63 1 27 338
Radial . . 13 46 17 15 2 — 5 229
West . . . 71 124 60 60 48 100 26 107
Pola.. North . . 63 3 80 29 71 37 21 53
Radial . . 14 97 24 164 14 166 14 171
West . . . 65 61 162 87 91 69 32 110
Zi-Ka-Wei North . . 48 313 28 0 37 25 22 347
Radial . . 24 88 125 68 22 160 2 173
West . . . 58 60 114 105 T4 106 28 113
Manila . North . . 29 200 56 197 21 177 18 275
Radial . . b3 150 100 167 60 168 17 166
West . . .| 20 216 66 256 29 249 30 269
Batavia North . . 38 198 76 226 16 205 10 266
Radial . . 22 123 31 25 11 111 7 134

VOL. COXVIIL—-A. Q
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Tasre V.—(continued).

‘\ t ! 1
Force | :
Observatory. | component. Cy. 6,. j C. 6, Cs. ( 0s. Cs. 0.
| e S R I -
Winter.
West ., . 28 214 ; 36 310 21, 304 15 131
Pavlovsk .{ [North . .| 17 172 | 20 946 20 245 2 —
Radial . . 28 284 6 157 2 —_ 4 47
; West .. . 46 218 45 320 15 320 3 349 -
Pola North . . 50 144 30 126 11 159 2 —
Radial . . 15 123 35 118 7 89 1 —_
S SN B i .
West . . . °8 197 66 167 ! 39 199 15 170
Zi-Ka-Wei North . . 99 123 133 132 | 37 118 11 53
Radial . . 45 208 82 66 8. 144 12 167
West . . . 41 211 123 212 68 224 13 204
Manila North . . 125 179 145 193 61 227 23 250
Radial . . 51 203 98 157 41 2922 16 223
West . . . 109 233 260 268 135 293 67 310
Batavia . North . . 31 130 141 210 48 208 23 219
Radial . . 30 142 30 164 38 183 33 202
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